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2 LOSSLESS CODING

Lossless coding is a method of data compression that allows the original data to be perfectly reconstructed from the
compressed data. It eliminates redundancy in the data without losing any information, ensuring that the
decompressed data is identical to the original. It is adoptable only when we are dealing with finite alphabet sources.

2.1 DIFFERENT TYPES OF CODES

One to One Code: A one-to-one code (or injective code) maps each symbol from the source alphabet to a unique
code word in the target alphabet, with no two different source symbols being mapped to the same code word. This
property ensures that each code word uniquely identifies its corresponding source symbol. However, a one-to-one
code does not inherently guarantee efficient decodability or the absence of ambiguity in the concatenation of code
words.

Uniquely Decodable Code: A uniquely decodable code is a code in which a sequence of code words can be decoded
into the original sequence of source symbols in only one way, regardless of how the code words are concatenated.
This means that, given a sequence of code words, there is a unique way to partition and map them back to the
original sequence of symbols from the source alphabet. Uniquely decodable codes eliminate ambiguity in decoding
sequences of symbols but do not necessarily provide a way to determine where one code word ends and the next
begins without additional information.

Prefix (Instantaneous) Code: A prefix code (or instantaneous code) is a special type of uniquely decodable code in
which no code word is a prefix of any other code word. This property ensures that the code can be decoded
instantly, symbol by symbol, without needing to look ahead to subsequent symbols for context.

While all prefix codes are uniquely decodable, not all uniquely decodable codes are prefix codes. The prefix property
is a stricter requirement that removes the ambiguity in decoding sequences of code words without needing
additional information. Uniquely decodable codes ensure that there is only one way to decode a sequence, but
decoding might require looking at a larger context or even the entire sequence.

2.2 IMPORTANT THEOREMS ABOUT CODES

Kraft inequality: The Kraft inequality provides a necessary and sufficient condition for the existence of a prefix code
with a given set of codeword lengths: £ (27%) < 1 where li are the length of the codewords associated with the
symbols of the alphabet. This inequality ensures that the codewords are structured in such a way that no codeword
is a prefix of another.

Shannon's Source Coding Theorem: Shannon's Source Coding Theorem establishes the fundamental limit on the
compressibility of information for lossless encoding: H(X) < L < HX) + 1.

The theorem implies that it is impossible to losslessly compress any data source to a size below its entropy without
losing information, but it is possible to get arbitrarily close.

2.3 LossLEss CoDING IN MATLAB

2.3.1 Estimate the PMF of a Source

o

% Define the decision regions
alphabet=unique (y) ;

edges = min (alphabet)-0.5:1:max (alphabet)+0.5;
% Generate an histogram of the source realization
histogram = histcounts (x,edges) ;

% Normalize the histogram to get the PMF
pmf=histogram/sum(histogram) ;

% Plot the PMF

bar (pmf) ;



2.3.2

2.3.3

Calculate the Entropy of a Source

% Entropy
H = -sum(PMF (PMF>0) .*1log2 (PMF (PMF>0))) ;

Estimate the Joint PMF and get the Entropy of two Sources X and Y

alphabet x=unique (x);
alphabet y=unique (y);

edges_x = min(alphabet x)-0.5:1:max(alphabet x)+0.5;

edges_y = max (alphabet y)-0.5:1:max(alphabet y)+0.5;

% P(x,V)

hist xy=histcounts2(x,y,edges x,edges y);

PMF xy = hist xy/sum(hist xy(:));

s H(x,vy)

H joint=-sum(sum(PMF_xy (PMF xy>0).*log2( PMF_xy (PMF xy>0))));
% Plot

imagesc (PMF xy);

2.4 QUESTIONS FROM PAST EXAMS

24.1

Question about Entropy

Consider two discrete memoryless sources X and Y characterized by a finite-element alphabet. You know the value
of the entropy H(X), the entropy H(Y), and the mutual information I(X,Y).

a)

b)

24.2

Using entropy properties, derive the value of the joint entropy H(X,Y).

To derive the value of the joint entropy we can use the
relationship between joint entropy H(X, Y), conditional
entropy H(X|Y) and mutual information I(X,Y).
Remembering the draw on the right, we can express
the joint entropy as: H(X,Y) = H(X) + HY) — I(X;Y).

H(x.¥)
Figure 1

Using entropy properties, derive the value of the

conditional entropy H(X| Y ).

Using the previously seen draw, we can write that: H(X|Y) =
H(X) - I(X,Y)
What is the meaning of zero mutual information? In which case does it happen?

Mutual information measures the statistical dependence between two variables X and Y.

Zero mutual information [(X,Y) = 0 indicates that knowing the value of one variable provides no
information about the other. Therefore, it happens when the two variables X and Y are completely
independent and there is no correlation between them.

September, 10 2013

Consider a sequence of symbols abbbbaaacccacbccccbcacbbbbbbbc emitted by a source X.

a)

Learn the pmf of the source from the observed data and compute the entropy of the source (assuming a
memoryless source).

In the sequence of symbols {abbbbaaacccacbcccchcachbbbbbbc} we have an alphabet of 3 symbols a
(emitted 6 times), b (emitted 13 times) and c (emitted 11 times), for a total of 30 emitted symbols. With this

information we can estimate the pmf of the memoryless source: p(a) = % ;p(b) = g; p(c) = % .

Consequently, the entropy of the source is:

H(X)——Z( (a) *lo 2( (a)))—> —i*lo 2(£>—E*lo 2<E>—E*lo 2(2)—152bits
1A= p gep 30 °9%\30) " 30" "%9“\30) "30 " °9°\30) T



To exploit source memory, group symbols in blocks of size N = 2 and compute H2(X).
If we group symbols in blocks of N = 2 we get {ab; bb; ba; aa; cc; ca; cb; cc; cc; bc; ac; bb; bb; bb; bc}. In
this case we have the symbols ab (1 time), bb (4 times), ba (1 time), aa(1 time), cc(3 times), ca(1 time), ch(1

time), bc(2 times), ac(1 time), for a total of 15 symbols emitted from the source. The pmf in this case is:

1 4 1 1 3 1 1 2 1
p(ab) - E: p(bb) - EI p(ba) - Er p(aa) - Er p(cc) - Er p(ca) - Er p(Cb) - E: p(bc) - El p(ac) - E
We can easily calculate the entropy:
Hy(X ( log2(p(a))) - 6 L log2 (2 2 1092 (2) = 2w tog2 () = 2w logz () = 2,92 bit
= - e —_—— —_— —_—— —_—— —_— = — —_— =
2(X) Z p(a) = log2(p(a) \T1std (15) 15 %9 (15) 15" %9 (15) 15 %9 (15) oo s

Compute the number of bits needed to encode the sequence bbbcaa using Huffman coding in two cases:
a. without exploiting source memory.
b. exploiting source memory.

a) Huffman coding without exploiting b)  Huffman coding exploiting source memory:
source memory:

a(e/”) C#%) d® b 250 cah cbh  aed

Ng° Les

i o)

a=1%L b6= 0; ¢ 1=110 13 bit ab = 1111; ba = 1110; aa = 1101; ca = 1100; cb = 0111; ac = 0110;
B =gpr24gpr2egge = 1ST o ce=10be 2010 b S0 bit bit
4 E(L)=6*(—*4)+—*3+—*2+—*2=2,93 B 14622
15 15 15 15 2 symbols symbol

Figure 2



3 Lossy CODING: QUANTIZERS

Lossy coding is a data compression technique that reduces the size of data by permanently eliminating certain
information, particularly redundant or less important data. Unlike lossless coding, lossy coding does not allow for the
original data to be perfectly reconstructed from the compressed version.

3.1 QUANTIZERS

A quantizer is a process or device that converts a continuous range of e
values into a finite set of discrete values. %S

- ‘3} e
3.1.1 Scalar quantizer f
A scalar quantizer is a type of quantizer that operates on individual ; L[
samples of a signal independently, converting each input value (a scalar) - I -
into a discrete level. L B } W —3
2y e, e, S o Q oo
A scalar quantizer is defined by: 4
e Aset of decision regions [, withk = 1,2,... ,n. 5

o Aset of reproduction values y,, withk = 1,2,..,n. s e adood . Thinn
e The quantization rule: ¢(x) = .

Figure 3
There are two common types of scalar quantizers:

e Mid-rise quantizer: The mid-rise quantizer is designed such that the quantization levels (or steps) are
centred around zero and do not include zero itself. This type of quantizer starts with a "rise" from zero, and
the quantization levels are placed at intervals above and below zero. Mid-rise quantizers are often used in
scenarios where the input signal does not center around zero or where having zero as a non-quantization
level is advantageous.

e Mid-thread quantizer: The mid-tread quantizer, in contrast, includes zero as one of its quantization levels. It
is characterized by having "treads" or steps that start at zero, making it suitable for signals that are centered
around zero or have zero as a common value.

We use a mid-thread quantizer when dealing with signals that have
zero as a common value or when it's crucial to minimize the « M ndom ol b «ebiad ool b
guantization error for values close to zero. This is often the case in I_,— —
audio and image processing, where a zero value may represent >
silence or a neutral color/brightness level.

—

77‘[—1\”"""““7'1"“?" 7j__‘ ‘\A‘me'@fdbn‘.

3.1.2  Uniform Scalar Quantizer Figure 4
A uniform scalar quantizer is a type of scalar quantizer where the

input range is divided into equally sized intervals (a, ., — a; = A), and each interval is mapped to a discrete

ak+1+ak)'
2

They are particularly well-suited for signals that are evenly distributed across the input range. For signals with this

characteristic, uniform scalar quantizers can achieve good performance with a relatively simple design.

quantization level. This means that the step size between consecutive quantization levels is constant (y,, =

3.1.2.1 Theoretical lower bound for Uniformly distributed signals
Uniform Scalar Quantizers perform particularly well with uniformly distributed signals. For this type of inputs, it
approaches the theoretical lower bound, which is MSE = variance * 272K,

3.1.3 Uniform Scalar Quantizer in MATLAB

% Mid-rise quantizer $ Mid-thread quantizer.

delta = (max(x)-min (x))/M; delta = (max(x) - min(x))/M;

x_tilde = delta * floor(x/delta) + delta/2; x tilde = delta * floor((x+delta/2)/delta);

x tilde(x tilde>delta/2* (M-1)) = delta/2* (M-1); x tilde (x_tilde >delta/2* (M-1)) = delta/2* (M-1);
)

x_tilde (xitilde<—delta/2*(M—1) = —delta/2* (M-1); x tilde (x_tilde <-delta/2* (M-1)) = -delta/2* (M-1);



3.14

The optimum uniform quantizer is a type of uniform scalar quantizer that is
designed to minimize the MSE for a given source distribution and a fixed
number of quantization levels. It achieves the best possible performance,
in terms of minimizing the quantization error, within the constraints of
uniform quantization.

Optimum Uniform Scalar Quantizer

An Optimum Uniform Quantizer is designed in the following way: Figure 5

1.

3.15

3.1.6

We chose the number (and consequently the width) of the
decision regions Ij,.
We chose as output values (codebook) the expected value for each decision region: y, = E(x|x € I},).

Optimum Uniform Scalar Quantizer in MATLAB

o

% Optimum Uniform Scalar Quantizer
delta = (max(X)-min (X)) /M;
% Define the thresholds of the decision regions.
thresh = [-inf, -delta*(M/2 - 1) : delta : delta*(M/2 - 1), inf];
% Assign to each decision region its correspondent expected value.
for j = 1:M
Y index = (X>thresh(j)) & (X<=thresh(j+1));
Y vec (Y index) = mean(X(Y index));
end

Lloyd—Max Quantizer

The Lloyd-Max quantizer is an iterative algorithm designed to find the optimum scalar quantization levels and
decision boundaries for a given probability density function (PDF) of a signal source, with the objective of minimizing
the MSE between the original and quantized signals.

The design procedure is the following:

PwNPRE

Choose an initial set of values for the reproduction levels y;.

Optimize the partition for the given levels, which gives the thresholds I,.

Optimize the set of reproduction levels for the partition found above: y, = E(x|x € I;).
Repeat steps 2 and 3 until convergence is achieved.

Optimums Quantizer vs Lloyd Quantizer:

3.1.7

Adaptability: The Lloyd quantizer is more adaptable to various signal distributions due to its optimization
process, whereas the optimum uniform quantizer is generally better suited for signals with uniform
distributions.

Implementation Complexity: The Lloyd quantizer is more complex to implement and requires more
computational resources, making the optimum uniform quantizer a preferable choice for simpler
applications or where computational efficiency is crucial.

Optimization for Specific Distributions: The main strength of the Lloyd quantizer lies in its ability to
minimize quantization error for a given signal distribution, while the optimum uniform quantizer's strength is
in its simplicity and effectiveness for uniformly distributed signals.

Lloyd-Max Quantizer in MATLAB
% Lloyd-Max quantizer

[thresh, codebook] = lloyds(X,M);
[~, Y, MSE] = quantiz(X, thresh, codebook);




3.1.8 Entropy-Constrained Scalar Quantizers (ECSQ)

Entropy-Constrained Scalar Quantizers (ECSQ) are a class of quantization techniques that incorporate entropy
minimization into the design of scalar quantizers. Unlike traditional quantization methods that primarily focus on
minimizing distortion, such as mean squared error, ECSQ aims to achieve a balance between two critical aspects:
minimizing distortion and minimizing the bit rate required to encode the quantized values (see rate-distortion
curve).

For a ECSQ we have that R = H(Y) < log2(M) , where Y are the quantized output symbols and M is the number of
levels (and so log2 (M) is the bit rate).

3.1.9 Vector Quantizer

Vector Quantization (VQ) is a technique used in signal processing and data
compression that quantizes vectors of data rather than scalar values, as in scalar
quantization. In VQ, the input data, which can be multi-dimensional, is partitioned
into blocks or vectors. Each vector is then mapped to the nearest vector in a
predefined codebook.

A vector quantizer is defined by:

e Aset of decision regions [, withk = 1,2,... ,n.

e Aset of reproduction vectors y;, with k = 1,2,..,n. Each y, vector is the Figure 6
centroid of the decision region I,,.

e The quantization rule: ¢(x) = .

An optimal vector quantization satisfies the following conditions:

e Nearest neighbours: given the set of codevectors y,, the optimal partition of the space RAN is the one that
minimize the distortion.
e Centroid condition: given the partitions I, the codevectors must be the centroids of the decision regions.

3.1.9.1 Linde-Buzo-Gray algorithm
The most popular algorithm for vector quantization is the Linde-Buzo-Gray algorithm, which is similar to the Lloyd-
Max quantization algorithm:

Chose an initial codebook of reconstruction vectors y.

Optimize the partition for the given codebook, which gives the regions I,.
Optimize the codebook for the partition found in the previous point.
Repeat steps 2 and 3 until convergence is achieved.

PwnNne



3.1.10 Vector Quantizer in MATLAB

%% 2D Vector quantizer with Cb = yl1=(1,2); y2=(1,4); y3=(-1,2); y4=(0,-2).
codebook = [1,1,-1,0;

2,4,2,-21;
Quantize the following sequence.
X (-4, -3, -2, -1, 0, 1, 2, 3, 4, 51;
X matrix = [x(l:2:end);x(2:2:end)];
Y

o\°

= zeros(size (X matrix));

for i = l:length(X matrix(1l,:))
% get the current column vector.

currVector=X matrix(:, 1i);

$calculate the minimum euclidian distance and extract the corrispondent

index

[minDist, idxMinDist] = min(sqgrt (sum((currVector-codebook) .”2,1)));

% Give in output the value corrispondent to the point of the cb with
the smaller euclidian distance.
Y(:,1) = codebook(:,idxMinDist) ;

End

%% Plot: optimal assignment regions.
plot (codebook (1, :), codebook(2,:),'x");
voronoi (codebook (1, :), codebook(2,:));
title('Optimal Assignment Regions.');

I

3.2 COMPANDER-EXPANDER

A compander (compressor-expander) is a device or

algorithm used in signal processing that combines the L u:k:,, y i y

functions of compression and expansion. It's designed to v s T kit il T |

improve the dynamic range of audio signals or other types /J i T = 4}‘ P

of data. The process involves three main stages: iﬁ;ﬁ”‘“’f"“’“ m’ WH"#&‘; pan
e Compressor: The compressor part of a compander Figure 7

reduces the dynamic range of the input signal. It

does this by compressing the amplitude of the signal's louder parts while leaving the softer parts relatively
unchanged. This is typically achieved by applying a nonlinear mapping to the signal's amplitude, where the
mapping function has a greater slope for lower amplitude values and a lesser slope for higher amplitude
values. The main goal of compression is to make the signal's loud and soft parts closer in volume, which can
help in reducing the effects of noise and variations in signal strength during recording or transmission.

e Quantization: the compressed signal is quantized.

o Expander: The expander part of a compander works on the compressed signal to restore its original dynamic
range, effectively expanding the amplitude of the signal's components. When the compressed signal is
received or retrieved, the expander applies an inverse mapping to the amplitude, such that the original
dynamic variations of the signal are reconstructed. The expansion process increases the dynamic range of
the signal, making the loud parts louder and the soft parts softer, thus counteracting the compression effect.

The transformation function T that we use in the exercises is the cumulative function: x’ = T{x} = ffoo px(a) * da.

The benefit of the compander/expander operation is that it helps in mitigating the perceptual impact of quantization
noise. By compressing the input signal before quantization, the quantization levels can be allocated more efficiently,
reducing the quantization noise in critical regions of the signal.



3.3 RATE-DISTORTION THEOREM

The Rate-Distortion Theorem is a fundamental result in information
theory, established by Claude Shannon, which essentially defines the K :
limits of compression for a given level of distortion, or conversely, 55;3" d s
the minimum distortion achievable for a given compression rate. Efﬁﬁ.ﬁ"ﬂ Ef:“ ,f D
i [
3.3.1 Key Concepts of the Rate-Distortion Theorem gﬂﬁiﬁgﬁ,m
Rate (R): This refers to the average number of bits per symbol used
to represent the compressed signal. It’s equal to log2(M) where M Fgure 8

is the number of levels of our quantizer.

Distortion (D): Distortion measures the difference between the original signal and the reconstructed signal after
compression and decompression. It quantifies the loss of quality due to compression, often assessed by a distortion
measure such as MSE.

Rate-Distortion Function (R(D)): This function represents the minimum rate R at which the source can be
compressed without exceeding a specified maximum distortion level D.

3.3.2 Implications of the Theorem

Compression Limits: It establishes the fundamental limit on how much a signal can be compressed while ensuring
that the distortion between the original and the compressed signal does not exceed a certain threshold. This limit is
quantified by the rate-distortion function R(D).

Optimal Compression: The theorem implies that for any given level of distortion, there is a lower bound on the
compression rate below which it is not possible to compress the signal without exceeding the allowable distortion.
Conversely, for a given rate, there is a minimum distortion that can be achieved.

Trade-off Between Rate and Distortion: The theorem highlights a trade-off between the compression rate and the
quality of the reconstructed signal. Reducing the compression rate (i.e., using more bits) can decrease the distortion,
while increasing the rate (i.e., compressing more aggressively) leads to higher distortion.

3.3.3  Useful formulas
For a random variable, the rate distortion curve is lower bounded by the function R; = %* log2(2 xm+e x D).

Shannon-Lower-Bound: For a Gaussian, the distortion rate function can be simplified as follows: D; = variance *
27 2R The distortion-rate curve of a Lloyd quantizer applied on a Gaussian-like source is very similar to the Shannon
Lower Bound.

3.4 (QUESTIONS FROM PAST EXAMS

3.4.1 luly,12 2016
Consider a continuous source X that emits symbols following a PDF py (x).

a) Explain how to design the Lloyd-Max quantizer. Consider M = 3 quantization bins and use the thresholds
{—o00,a2, a3, +o0} as initialization.
A Lloyd max quantizer is a type of linear quantizer that estimates the statistical distribution of the source to
improve the quantization quality (minimize the MSE). The design process is the following:
1. We start with a guess of the possible thresholds {—o0, a2, a3, +o0}.
2. We calculate the y, output values of the correspondent thresholds as the expected value of the
input in that specific decision region.

3. Given the new y;, we re-calculate the thresholds as the middle point between the y;, values (I}, =
YitYe+1
2 )
4. We repeat points 2 and 3 until the difference between values of I;, of two consecutive iterations is

smaller than a predefined threshold, meaning that the algorithm reached convergence.



b) Consider this series of symbols emitted by X: x = {-0.9,0.1,—-0.8,—-0.7,0.7,—-0.6,—-0.2,0.1,0.7, —0.2, 1.0}.
Design a Lloyd-Max quantizer tailored to these symbols using M = 3 bins and the thresholds
{—00,—0.5,0.5, +00} as initialization. Stop after one complete iteration.

c¢) How many iterations must be performed to reach the algorithm’s convergence?

1. Iteration 1:
a. We have three initial decisions {—o0, —0.5, 0.5, +00}.
b. We calculate the output value for each decision regions:
i. {—00,—0.5}in which we have the values {—0.9, —0.8,—0.7, —0.6}. The codebook value
for this regionis y; = Z * (=09 —-0.8—-0.7—-0.6) = —0.75.
ii. {—0.5,0.5}in which we have the values {0.1,—0.2,0.1, —0.2}. The output value
correspondent to this region is y, = %* (0.1 - 0.2) = —0.05.

ii. {0.5, 400} in which falls the values {0.7,0.7, 1.0}, therefore the output is y; = 2* 0.7 + % *

1=0.8.
_ YitVk+1,
c. Now that we have the new y; values, we calculate the new [}, = -
—00-0.75 -0.75-0.05 —0.05+0.8 0.8+
I =="2 =0, =————==—04;l; =——— = 0375, = ——— = +oo,

2. lteration 2:
a. We repeat point 2 to re-optimize the output values:
i. {—00,—0.4}in which we have the values {—0.9,—0.8,—0.7, —0.6}. The codebook value

for this regionis y; = Z *(—09—-0.8—-0.7—-0.6) = —0.75.
ii. {—0.4,0.375}in which we have the values {—0.2,0.1,—0.2, 1.0}. The output value
correspondent to this region is y, = % * (0.1 —0.2) = —0.05.
iii. {0.375, +o0} in which falls the values {0.7,0.7, 1.0}, therefore the output is y; = %* 0.7 +
Zx1=08.
b. The y; are exactly the same of the previous iteration, so the algorithm reached convergence.

d) Quantize x using the Lloyd-Max quantizer designed at point (b), thus obtaining X.
To quantize the sequence of symbols x = {-0.9,0.1,—-0.8,—-0.7,0.7,—-0.6,—0.2,0.1,0.7,—0.2, 1.0} we must
substitute each symbol with the correspondent y, of the decision region in which it falls. If we do so, we
obtain: ¥ = {-0.75,—-0.05,—-0.75,—-0.75, 0.8, —0.75, —0.05, —0.05, 0.8, —0.05, 0.8}.

e) Compute the entropy of the source representing X estimating the PMF directly from X.

The PMF of X is characterized by these probabllltles p(=0.75) = —; p(—0.05) = —, p(0.8) = —.The
value of the entropy of X is: H(%X) = — H * log2 (E) — H * log2 (H) — H * log2 (E) = 1,57 blts.

f) Derive a Huffman code to transmit X. Represent using this code a string of four symbols of your choice.

08#) _gos®

0.8 =11; —0.05 = 10; —0.75 = 0.
% =1{0.10.0.0.11.0.10.10.11,10.11}



34.2

a)

b)

September, 26 2012
Consider a continuous source X, whose PDF is given by py(x) = e™, x > 0.

Design a quantizer based on compander-expander. Use 1 bits to represent each symbol. Show the

equivalent non-uniform quantizer in the original signal
domain. -

. . g L| ek iy L s
A compander expander is structured as showed in the a— T 1 T
picture on the right. This means that we need to do /J T = } L
three steps: bR gt s s WE@% il
1. We apply the transformation (compression) on the

Compute the entropy of the output symbols of the quantizer.

source original output x:

x'=T{x}=["_px(a)*da= foxe‘x =1—e7*.

We quantize this continuous input into a discrete set of symbols (1 bit: codebook = {0,1}):

The input of the quantizer x” goes from 0 (for x = 0) to 1 (for x = +0), so we can use a uniform scalar

°+2°'5 = 0.25 when the

quantizer putting the decision threshold at 0.5 and sending as outputs y’; =
0.5+1
2

Apply the inverse transformation (x' =1—e*) 1 23x =T {x'} =-In(1-x) =1In (L) toy’

input is below that threshold and y’, = = 0.75 otherwise.

1-x'
obtaining:
=  Qutput values: ‘:5'_
o T710.75} = In(4);
—1{ }_ (4) EM(&) L
o T {0.25}—ln(§). P EEaEEEE
= Qutput thresholds: ﬁ:
o T {0} =0; ! | > T
o T~Y0.5}=1n(2); T~H1} = inf. 0 Ity m}

Firstly, we need to calculate the PMF of the final output y:

Then we can calculate the entropy as: H(y) = —2 * E xlog (1)] =1

o p (ln G)) = f;n(z) e ¥dx=1—e""@ =1- eln(%) =1- % = %;

i 1
o p(ln®)= flzlé)e‘xdx =0+e M@ = eln(E) = %
bit
2 symbol

2



4 Lossy CODING: PREDICTIVE CODING

4.1 DIFFERENTIAL PULSE CODE MODULATION (DPCM)

Differential Pulse Code Modulation (DPCM) is a signal encoding scheme used to minimize the bit rate for the
transmission or storage of digital audio, images, or video. It works by encoding the difference between successive
samples rather than encoding each sample independently. This method exploits the fact that many successive
samples are similar to each other, allowing for more efficient data compression by reducing redundancy.

4.1.1 Open Loop DPCM

Encoder: In an open loop DPCM system, the encoder computes the difference
between the current sample and its predicted value. The predicted value is M—)@—)@——r‘
typically generated from previous samples using a linear prediction filter. The Tiw

difference, also known as the prediction error, is then quantized and encoded Kont)> [l |

for transmission or storage. This process does not involve any feedback from dim= xomo-fim whae Rew=Rediceor(xem-n)
the decoder to adjust the prediction model. Figure 9

Here's a step-by-step explanation of the encoder in an open loop DPCM
system:

1. Prediction (X,): The first step in the DPCM encoder is to predict the current sample value based on previous
sample values. This prediction is usually made using a linear predictor that forms a prediction equation. The
prediction equation typically uses a few of the most recent past samples of x,, to estimate the current
sample value. The accuracy of this prediction greatly influences the efficiency of the DPCM system.

2. Difference Calculation (d): Once the prediction for the current sample is made, the encoder calculates the
difference between the actual current sample value and its predicted value. This difference is known as the
prediction error or differential signal. Since adjacent samples in a signal are often similar, this differential
signal will generally have a smaller amplitude than the original signal values, leading to potential savings in
bit rate after quantization.

3. Quantization (H): The next step is to quantize the prediction error. The quantizer's resolution (the number
of bits used) directly affects the quality of the reconstructed signal: fewer bits may lead to significant
guantization noise, while more bits reduce this noise but require a higher bit rate.

4. Encoding (es. Huffman): After quantization, the quantized prediction errors are encoded into a digital
bitstream. This encoding may use fixed-length coding, but more efficient encoders use variable-length
coding (such as Huffman coding) to assign shorter codes to more frequent values and longer codes to less
frequent values, further reducing the average bit rate.

5. Transmission or Storage: The encoded bitstream is then ready for transmission over a communication
channel or for storage. Since the bitstream now represents differential values rather than absolute sample
values, it typically requires fewer bits for the same level of signal fidelity, assuming the signal has a high
correlation between successive samples.

Decoder: The decoder works by receiving the quantized difference values and reconstructing the predicted values
using the same prediction model as the encoder. It adds the quantized difference to the predicted value to
reconstruct the original signal. Since there is no feedback loop, the decoder's prediction model must match the
encoder's model exactly. Here's a step-by-step explanation of how the decoder in an open loop DPCM system works:

1. Decoding the Quantized Differences (es. From Huffman, d): The first step OJwJU
in the decoding process involves receiving the encoded bitstream, which
represents the quantized differences (or prediction errors) between actual
sample values and their predicted values. The decoder decodes this
bitstream to recover the quantized differences. This step essentially - ~
reverses the encoding process, converting the digital codes back into the x"“"j("\)* PNJ;W(“-"'""
quantized values of the prediction error. Figure 10




2. Reconstruction of the Predicted Sample(X,,): The decoder uses the same prediction model as the encoder
to generate predicted values for each sample. For the very first sample (or for a predefined starting point in
the stream), a fixed initial value or a specially encoded value is used because there are no previous samples
to base the prediction on. For subsequent samples, the decoder uses the reconstructed values of previous
samples to predict the next sample value.

3. Adding the Quantized Difference (X,,): After predicting the next sample value, the decoder adds the
guantized difference (a) to the predicted value X,,. This step compensates for the prediction error by
adjusting the predicted value to match the original sample value more closely. The result of this addition is
the reconstructed sample value X,,.

4.1.2 Closed Loop DPCM

Encoder: In a closed loop DPCM system, the encoder includes a feedback
loop from the quantizer output back to the input of the prediction model.
This allows the encoder to adjust its prediction based on the quantized
values, which more closely represents the decoder's process of
reconstructing the signal. This feedback mechanism can improve the
accuracy of the predictions and reduce the quantization error, leading to
higher quality reconstructed signals. Here's how the encoder in a closed
loop DPCM system works, step by step:

Figure 11

1. Prediction(X,,): Similar to open loop DPCM, the process begins with predicting the current sample's value.
The prediction is typically based on previous output samples. However, in closed loop DPCM, this prediction
can be adjusted based on feedback from later steps. This is what distinguishes closed loop from open loop
DPCM: the quantized error d is summed up to the predicted sample X, and the result X¥,, is fed back to
adjust the prediction model or algorithm. This feedback mechanism allows the encoder to more closely
mimic the decoder's process, potentially leading to more accurate predictions.

2. Difference Calculation(d): The encoder calculates the difference between the actual sample and its
predicted value. This difference or error represents the new information that needs to be encoded and
transmitted.

3. Quantization(d): The prediction error is then quantized. Quantization reduces the precision of the
prediction error to a limited set of values, which is essential for reducing the bit rate. The quantization step
size can significantly affect the system's performance, with finer quantization offering better accuracy but at
the cost of a higher bit rate.

4. Encoding and Transmission (Huffman): The quantized differences are then encoded into a digital format for
transmission or storage. As with open loop DPCM, the encoding process may involve variable-length coding
to optimize the bit rate further.

Decoder: The decoder in a closed loop system operates similarly to the open
loop system. However, because the encoder's prediction model is adjusted
based on the quantized output, the decoder can more accurately reconstruct
the original signal by following the same prediction and addition process.

For a more detailed explanation, read the Open Loop DPCM decoder
~N
paragraph. Xiws= j(m)f Pm‘iw(i{m-o

4.1.3 Open Loop vs Closed Loop DPCM Figure 12
Open loop and closed loop Differential Pulse Code Modulation (DPCM)
systems each offer distinct advantages and face specific disadvantages, tailored to different application needs.

Open loop DPCM is simpler and more straightforward, benefiting applications where low computational complexity
and predictability are essential. Its design, free of feedback mechanisms, ensures lower latency, making it ideal for
real-time applications. However, this simplicity comes at the cost of adaptability and efficiency, particularly for
complex signals, and it is more susceptible to error propagation without a means to correct or adjust based on the
signal's changing characteristics.



Conversely, closed loop DPCM introduces a feedback mechanism to adapt the prediction model based on the
quantized output, leading to more accurate predictions and reduced quantization errors. This adaptability results in
better signal quality and compression efficiency, especially beneficial for signals with varying characteristics.
However, the complexity of implementing a feedback loop increases the system's computational requirements and
can introduce additional latency, which might be a drawback for time-sensitive applications. Moreover, the feedback
loop's design must be carefully managed to avoid instability and ensure the system's robustness.

4.1.4 Open Loop vs Closed Loop DPCM (Matlab)

%% OPEN LOOP DPCM %% CLOSED LOOP DPCM
x_tilde=zeros(size(x)); x_tilde.= zeros(size(x));

% Encode first sample with PCM. M=Mvec(1i);

Delta = (max(x) - min(x)) / M; % Encode first sample using PCM
x_tilde(1) = delta * floor(x(1l)/delta) + delta/2; delta = (max(x) - min(x)) / M;

x_tilde(1) = delta*floor(x(1)/delta)+delta/2;
% Encode other samples using DPCM:
% Use same quantizer (Delta) of Open Loop DPCM
d_OL = x - x_hat_OL;
Delta = (max(d_OL) - min(d_OL)) / M;
for j = 2 : length(x)
x_hat = p * x_tilde(j-1); % Predicted sample
d = x(j) - x_hat; % prediction residual
% quantized prediction residual:

% Encode other samples using DPCM

% Calculate prediction residual

d = [NaN; z(2:end)]; % Random signal component
% Quantize prediction residual with PCM:

Delta = (max(d) - min(d)) / M;

d_tilde = Delta * floor(d/Delta) + Delta/2;

% Apply DPCM reconstruction to succ. samples
for j = 2:length(d_tilde)

x_hat = p*x_tilde(j-1); d_tilde = Delta * floor(d/Delta) + Delta/2;
% Get the reconstructed signal: % reconstructed signal (booth ENCODER & DECODER):
x_tilde(j) = d_tilde(j)+x_hat; x_tilde(j) = d_tilde + x_hat;

end end

4.2 QUESTIONS FROM PAST EXAMS

4.2.1 September, 12 2016
Consider the following sequence of samples: x = {10,12,15,16,20,19,18,15,13}.

a) Obtain the sequence X encoding x using PCM with the following quantizer:
o I1 =1[8,12), y1 = 10
o I2 [12,16),y2 = 14
o I3 =[16,20),y3 = 18
o 14 = [20,24),y4 = 22
It is sufficient to substitute each symbol of the sequence with its correspondent quantized symbol:

X = {10,14,14,18,22,18,18,14,14}

a) Compute the mean squared error (MSE) introduced by the use of PCM.
Firstly, we calculate the errore = {0,2,1,2,2,1,0,1,1}. Then we get the MSE = mean(e?):

0+4+1+4+4+1+0+1+1 16
MSE = 9 =?=1,77

b) Estimate the pmf of each symbol of ¥ and derive the Huffman coding scheme.

10(5) 22(3)




c) Obtain the sequence X encoding x using a closed-loop DPCM with the following quantizer:
o I1 = [-0,—-15),y1 = -3
o I2 =[-1515),y2 =0
o I3 =[15+w),y3 =3
Consider that the first symbol is already known by the decoder.
In order to emulate the working of a DPCM encoder-decoder, we can write the following table:

S

X 10 40 43 4¢ 16 18 18 13 i€
x 10 1L 1S % 0 15 8§ 15 {3
d 022 O GO+ -¢ -3
d o0 33 0 3 00 -3-3
X 103 %6 16 13 18 18 16 13

d) Compute the mean squared error (MSE) introduced by the use of DPCM.
The total MSE of the DPCM is equal to the MSE introduced by the quantizer:
1+1+14+14+1 5

e ={0,1,1,0,1,0,1,1,0} > MSE = 5 =5= 0.55

4.2.2 January, 152021

Consider a continuous source X that emits the following series of symbols x = {3,0,6, 6, 6,3}. You are given a

quantizer Q(+) that applies the following quantization rule Q(x) = [ﬂ * A, where [ | rounds to the least integer

greater than or equal to its argument, and A = 2 is the quantization step.

a) Compute the sequence Xp(); obtained by encoding and decoding x using a PCM scheme. Clearly specify
which is the encoded and which is the decoded signal.

The encoded signal is the series of codewords that represents Xpcy = {4,0,6,6,6,4},which is equal to the
decoded signal.

b) Compute the sequence Xo;_ppcy Obtained by encoding and decoding x using an open-loop DPCM scheme.
The predictor acts by subtracting half of the previous sample (i.e., ¥(n) = 0.5-x(n — 1)). Use the same
qguantizer defined above and consider that the first sample is encoded using PCM. Clearly specify which is the
encoded and which is the decoded signal.

To emulate the behaviour of the encoder-decoder OL-DPCM we can use the following table:

S

(fpe'”r 45 0 3 3 3
X 306 6 6 3
d 7 45 6 3 3 0
d /0 6 & L O
X/ 1 1 35 3Y5 385

K% G L M 75 9633

or vy f e e S

The encoded signal is d while the decoded signal is X.



c) Compute the sequence Xq;_ppcy Obtained by encoding and decoding x using a closed-loop DPCM scheme.
Use the same prediction rule, quantizer and strategy for the first sample applied before. Clearly specify
which is the encoded and which is the decoded signal.

(ot

35 3
6
25 -
A
Y3
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o§w

i

dcodse
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G 6 "
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Also in this case, the encoded signal is d and the decoded one is %.

d) Comment on the role of the first sample of the sequence for DPCM schemes. How can you typically deal with
it and why?
In both open-loop and closed-loop DPCM schemes, the first sample plays a crucial role. It serves as the
reference point from which all subsequent predictions and adjustments are made. Since DPCM encodes the
difference between the predicted and actual values, without the first reference sample, the decoder would
not have a starting point to reconstruct the original signal.
The first sample is usually encoded using a simple Pulse Code Modulation (PCM) scheme, as we have done in
parts (b) and (c). This is because there is no previous value to use to predict the first sample. The first sample
needs to be accurately represented because all subsequent samples are predicted based on the previous
samples. If the first sample is inaccurately encoded, it could lead to a propagation of errors through the rest
of the decoded sequence.

e) Consider applying lossless coding to Xpcp. Propose a prefix-code, and write the code associated to the
sequence of symbols Xp-p. Compute the bitrate in bit per symbol. Consider the following probability mass
function p(0) = 0.1; p(2) = 0.3; p(4) = 0.4; p(6) = 0.1; p(8) = 0.1.

0 6
{\ /08
0 2 Longlh= 4004203+ 301+ 2.0t =1, L
R Eop. Loy Lpald
i\ /0

We can use this Huffman diagram to get a code associated to the Xpcp = {0,1111,1110,1110,1110,0}.
f)  Using MSE as distortion metric and entropy as rate measure, draw the rate-distortion working point of each
one of the three coding techniques just applied (i.e., PCM, closed-loop DPCM, open-loop DPCM).



5 LossY CODING: TRANSFORM CODING

5.1 TRANSFORM CODING GENERAL CONCEPT

Transform coding is a type of data
compression technique used in the field of X 4 % M
. . _l. ! i Q .‘_> _"
lossy coding. It works by transforming the i
O impabmirdirked e 2t % 3 B, O ffrdng ton oind
original data into a format where the mﬁf—“#“- T < QI _ T" imaler b i Bl ot
components are decorrelated and then x ‘; L 1
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quantizing the transformed data. The > —’.j_’ FT
transformation aims to concentrate the OO ot mrphinggid  DEa ool in
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signal's energy into a few significant i 1
components, making it possible to achieve

higher compression ratios by quantizing or Figure 13
even discarding the less significant
components without significantly affecting the perceived quality of the reconstructed data.

The process typically involves the following steps:

e Transformation (x,, = y,): The original data (for example, an image or audio signal) is transformed into a
different domain (such as the frequency domain) using a mathematical transform such as the Discrete
Cosine Transform (DCT), the Fourier Transform, or the Wavelet Transform. This step aims to represent the
data in a form where its components are less correlated than in the original domain.

e Quantization(y,, —» ¥,): After transformation, the coefficients in the transformed domain are quantized.
This step reduces the precision of the components based on their importance to the overall signal quality.
Components that have less impact on the perceived quality are quantized more coarsely or even discarded.

e Encoding (sender) and decoding (receiver): The quantized values J, are then encoded by the sender using a
coding scheme that exploits the statistical properties of these values to reduce the amount of data further.
Techniques such as Huffman coding or arithmetic coding are often used.

The receiver will retrieve the quantized transformed signal ¥,, from the encoded sequence of bits.

e Inverse transformation (¥,, = X,,): The inverse transformation is applied to ¥,, in order to get X,,.

The transformations used in this kind of algorithms respect the following properties:

- Orthogonality: the rows and the columns of the T matrix are orthogonal vectors: T~1 = T7. It is a very
useful property because we can use T7 for the anti-transformation instead of T~1.

- Distance preservation: the length of the vectors remain the same before and after the transformation. This
property is essential for the energy preservation.

- Energy preservation: the energy of the signal before and after the transformation is the same.

5.1.1 Geometric interpretation of Transform Coding
Transform coding can be geometrically interpreted as the process of mapping a signal from its original high-
dimensional space to a lower-dimensional space where its most significant features are concentrated.

To understand this concept, let's consider a simple geometrical example using transform coding with a 2D signal,
such as an image or a simple graphical representation. Imagine we have a set of points in a 2D plane that form a
specific shape or pattern. In its original form, each point's position is defined by two coordinates (x, y). This set of
points could be dense in one region and sparse in another, indicating variation in signal energy or information
content across the plane. For transform coding, we apply a transformation, like the Discrete Cosine Transform (DCT),
to these points. Geometrically, this is akin to rotating and scaling the axes of the 2D plane so that the majority of the
points (or signal energy) aligns along one axis more than the other. In this transformed space, one axis might now
contain the bulk of the signal's information, while the other has significantly less. This process can be visualized by
imagining a cloud of points spread out over the original xy plane.



After transformation, these points are repositioned so that when viewed from the perspective of the new axes, most
points are close to one of these axes (say, the x axis), making the y values (now representing less critical
information) smaller and more uniform.
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Quantization then comes into play, simplifying the less significant components (smaller y values) which can be
represented with less precision or even discarded without substantially affecting the overall pattern's integrity when
viewed from our original perspective.

In essence, the transformation has allowed us to identify and prioritize the components of our signal that carry the
most information, enabling us to compress the data by focusing on these components and reducing the precision of
the less significant ones. The inverse transformation would then approximate the original pattern or shape, with
most of the original information intact despite the compression.

5.1.2 Bit allocation

Bit allocation in transform coding is a crucial step that determines how the available bits are distributed among the
various components (or coefficients) of the transformed signal. This step directly impacts the efficiency and
effectiveness of the compression and the quality of the reconstructed signal. Bit allocation is guided by the goal of
optimizing the trade-off between compression ratio and signal quality, taking into account the perceptual relevance
of different components. We can classify the coefficients in two classes:

e High-energy coefficients: they contains more information (Signal Energy) and are crucial for the quality of
the reconstructed signal. They are consequently quantized at an higher bit-rate.

e Low-energy coefficients: they carry less information and may not significantly affect the perceived quality of
the reconstructed signal. They are quantized with a lower bitrate or even discarded without substantially
degrading the signal quality.

Practically, the coefficients are the rows of the matrix that we get after the transformation (Y =T * X).

We can quantize these rows with different amounts of bits, and the optimal bit allocation for a coefficient k is given

2

1 O_yk . .
by the formula R, = R + > * log2| ———=—= |, in which:
(1‘[?’:1032,1_)

2|+

total amount of bits )

- Risthe average bit-rate of the quantizers (equal to

number of quantizers
afn is the variance of the n-esimal coefficient (variance of elements of a single row in the Y matrix) and so

o aﬁk is the variance of the k-esimal coefficient, the one for which we are calculating the optimal bit
allocation.

1
o (]_[Ii\;1 afi)l" is the geometric mean over all the coefficients of the Y matrix.



5.1.3 MATLAB Implementation of a general Transform Coding Algorithm
% Define Number of Coefficients
NumOfCoef = length(T(:,1)); % T is a NxN matrix
% Define columns of the input matrix= elements per coefficient
% (Apply a floor operator to crop the signal)
ElemPerCoef = floor (length (x)/NumOfCoef) ;
Reshape the input vector:

o\°

x = x(1:NumOfCoef*ElemPerCoef) ;

X = reshape (x,NumOfCoef, ElemPerCoef) ;

% Perform the transformation:

Y =T * X;

% Calculate the optimal bit allocation for each coefficient:
varPerCoef = var(Y, 0 , 2); % 2 is the second dimension (columns)
geomMeanOfVariances = prod(varPerCoef)” (1/NumOfCoef) ;

R opt = round(R avr+ 0.5*1og2 (varPerCoef./geomMeanOfVariances)) ;

%% Quantize the coefficients (Y rows) using the opt.bit allocation
M vec = 2.”R_opt;
delta vec = (max(Y, [], 2) - min (Y, [], 2))./M vec;
Y tilde = delta vec.*floor(Y./delta vec)+delta vec/2;
for i = 1:NumOfCoef
y=Y tilde (i, :);
delta = delta vec(i);
M =M vec(i);

y(y>delta/2* (M-1)) = delta/2* (M-1);
y(y<-delta/2* (M-1)) = -delta/2* (M-1);
Y tilde(i,:) = y;

end

%% Anti-transform Y tilde

T inverse = T'; $ T' = T"-1 (Orthogonality)

X tilde = T inverse * Y tilde;

x _encoded = X tilde(:); % Flat the matrix

5.2 DIFFERENT TYPES OF TRANSFORMATION MATRICES
Many mathematical techniques are used in signal processing for transforming data from the time or spatial domain
into another domain in which the data's inherent structure can be more efficiently represented or analyzed.

5.2.1 Karhunen-Loéve Transform (KLT)

The Karhunen-Loéeve Transform is a method for decorrelating data or transforming it into a set of orthogonal
(uncorrelated) components that best represent the variance in the data. The KLT is optimal in the sense that it
minimizes the mean square error (MSE) of the compressed data, making it the best transform for signal
representation in terms of energy compaction for a given number of coefficients.

There are two ways to find the KLT transformation matrix’s coefficients:

 Covariance matrix (used in MATLAB): Cyy = E[(X — i) * (X — )" | (over all the cotumns)
e Autocorrelation matrix (used in written exercises): R, = E[x * X |

Where X is a column of the input matrix X and fi,, is the average value of the signal x.

5.2.2 MATLAB implementation of KLT
The MATLAB code to get the KLT transformation matrix is the following:



o)

% Reshape x to get X.

NumOfCoef = 8;

ElemPerColumns = floor (length (x) /NumOfCoef) ;
x = X (1:NumOfCoef*ElemPerColumns) ;

reshape (x, NumOfCoef, ElemPerColumns) ;
% Calculate the average of x.

be
I

avg = mean (x);
% Initialize the Cxx 'cube'.
Cxx = zeros (NumOfCoef, NumOfCoef, ElemPerColumns) ;

Calculate the Cxx matrix for each column of X and save
it into the corrispondent 3th dimension of the Cxx cube.

o
°
o
°

for i = 1 : ElemPerColumns
Cxx(:,:,1)=(X(:,1)-avg) *(X(:,1)-avg) ";

end

% "Compress" the 3th dimension of the Cxx cube:

Cxx = mean (Cxx,3);

% Calculate the eigen vectors matrix:

[T _t, ~] = eig(Cxx);

% Get the actual transformation matrix.

T=T*1%t";

o

Use T in transform coding.

It is possible to see a graphical explanation of the code in the picture below.
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5.2.3 Discrete Cosine Transform (DCT)

The Discrete Cosine Transform is a technique used to transform a sequence of data points (signal or image pixels)
from the spatial or temporal domain to the frequency domain. The transformation is based on cosine functions
oscillating at different frequencies (similar to the Discrete Fourier Transform (DFT), but it uses only cosine functions).

One of the most valuable properties of the DCT is its ability to compact energy, meaning that for many natural
signals (like images and audio), most of the signal's information tends to be concentrated in a few low-frequency



components of the DCT. This characteristic is crucial for compression, allowing high compression ratios without
significantly degrading perceived quality.

In DCT, the elements ty; of the transformation matrix T coefficient are calculated using the following formula:

1 T
t =
kl T_ N K
2 cos( s k—1)x@-1)) fork>1 Il BV
N 2N {
ﬁ
Figure 16
5.2.4 MATLAB implementation of DCT
N= 8; % Number of coefficients
% Define k and 1
1l =1 :N; % Orizontal array
k=1"'; % Vertical array
% Define the transformation matrix
T = sqrt(1/N) *cos (pi/ (2*N)* (k-1)*(2*1-1));
T(2:end, :) = sqgrt(2)*T(2:end, :);
% Use the T matrix in Transform Coding
5.3 QUESTIONS FROM PAST EXAMS
5.3.1 January, 152021
(True/False section):
1 1 05
e ThematrixT =2 2 1 |cannotbe used in atransform coding scheme (TRUSE or FALSE?).
01 0
To answer this question, we must verify that this matrix is orthogonal. In order to do that we can:
2
o Verify that the dot product between any two different columnis=0(es.[1 1 0.5]+* H =45 0).
1
o Verify that the determinantis = + 1 (es. Det(T) =1+ (0—1) + 1% (0—0) + 0.5% (2 —0) = 0 # +1).
225 45 1
o Verifythat T * TT = I, where I is the identity matrix (in this case T * TT = | 4.5 9 2]
1 2 1

It is sufficient that one of the previous conditions is not true to make the matrix not compatible with a
transform coding scheme. So we deduce that this matrix cannot be used in such a scheme (TRUE).

e Ina practical situation transform coding can provide more distortion than normal PCM at the same rate
(TRUE or FALSE?).
It is false: transform coding is expected to have better performances in practical situations because it
transform the data from the time/space domain to the frequencies domain in order to allocate more bits to
more the important coefficients, incrementing the SNR.

5.3.2 February, 18 2021
Consider a continuous source X that emits the symbols x = [v2,v2, =2 V2, —2+v2,— /2, —/2,2v2,2+/2]. You are

given a quantizer Q(+) that applies the following quantization rule Q(x) = E [ * A, where ]*[ rounds to the closest

V2o V2
integer, and A = 3 is the quantization step. Additionally, you are given the transform matrix T = \25 2\5 .

2 2



1) Compute the probability mass function of x directly from the sequence.

M=% Py PaaE)=Y P Y

2) Compute the entropy of x.

Hoy/ -P(@-l, (o) { La(D=2.

3) Compute a possible Huffman code to encode x.
4) Compute the average code length of the Huffman code and compare it with the Shannon code length.
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5) Check that the matrix T is orthogonal, thus can be used for transform coding.
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6) Consider a transform coding scheme that 1) select a block of two samples; 2) apply the matrix T; 3) quantize
the obtained coefficients with the quantizer Q.
a. Compute the sequence y of transform coefficients obtained applying T to x (hint: consider non-
overlapping blocks).
b. Compute the sequence ¥y obtained quantizing y with Q.
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6 SPEECH CODING

Speech coding in multimedia signal processing refers to the techniques used for representing speech signals
efficiently for storage or transmission.

Speech coding algorithms work by exploiting the characteristics of human speech and auditory perception. These
algorithms can remove redundant and less perceptually significant parts of the speech signal, thereby achieving
compression.

6.1 SPEECH SIGNALS CHARACTERISTICS

Speech signals are inherently non-stationary, meaning their statistical properties change over time. However, for
practical analysis and processing, they can be considered quasi-stationary over short segments, typically ranging
from 5 to 20 milliseconds. This approximation is valid because, within these brief intervals, the speech signal's
characteristics do not significantly change, allowing for effective analysis and processing techniques to be applied.

Speech sounds can be broadly classified into three categories: voiced, unvoiced, and mixed. Each category has
distinct acoustic and production characteristics:

e Voiced Speech:

o Quasi-periodic in the time domain: Voiced sounds have a repeating pattern over time due to the
vibration of the vocal cords.

o Harmonically structured in the frequency domain: The frequency components of voiced sounds are
integer multiples of a fundamental frequency, leading to a harmonic series. This structure is a result
of the regular vibration of the vocal cords.

o Power spectrum characteristics: The power spectrum of voiced speech is marked by its fine
structure (the individual harmonic components) and formant structure (spectral peaks which are
shaped by the resonant frequencies of the vocal tract). These elements combine to give voiced
speech its distinctive tonal quality.

o Production mechanism: Voiced sounds are produced when the vocal cords vibrate as air passes
through them from the lungs. The vibration of the vocal cords modulates the airflow, creating the
sound waves associated with voiced speech.

e Unvoiced Speech:

o Characterized as noisy sounds: Unvoiced sounds lack the periodic structure of voiced sounds and
have a more random, noise-like quality.

o Production mechanism: Unvoiced sounds are produced by forcing air through a constriction in the
vocal tract, such as between the tongue and the roof of the mouth or between the teeth. This
airflow does not involve the vibration of the vocal cords.

e Mixed Speech: contains elements of both voiced and unvoiced sounds. Mixed speech sounds occur when
there is a combination of voiced and unvoiced production mechanisms, resulting in speech sounds that have
characteristics of both. For example, certain consonants may involve both a voicing component and
turbulent airflow, making them neither purely voiced nor purely unvoiced.

6.2 LINEAR PREDICTING CODING FOR SPEECH
Linear Predictive Coding (LPC) is a tool used in speech signal processing to represent the spectral envelope of a
digital signal of speech in compressed form, using the information of a linear predictive model.

6.2.1 Data Model
The data model in LPC assumes that a speech sample at a particular time can be predicted as a linear combination of

its previous samples. This is expressed mathematically as s(n) =~ Z£=1 a; * s(n — k), where:

- s(n) is the signal at the time n.
- s(n — k) represents the signal at past time instants t = n — k.



- ay is the predictor coefficient: these coefficients are used to weight the past p samples of the signal in order
to predict the current sample s(n). Each a is a scalar factor that multiplies the corresponding past speech
sample s(n — k), where k ranges from 1 to p. The goal of these coefficients is to create a linear combination
of the past values that best approximates the current value.

- pisthe predictive model order: it is the number of past samples of the signal that are used to predict the
current sample s(n). It indicates how many previous values of the signal are considered in the linear
predictive coding (LPC) model. A higher order means that the model uses more past samples to make the
prediction, which can potentially lead to a more accurate representation of the signal, but it also increases
the computational complexity and the number of coefficients that need to be estimated.

If we consider the signal to be an autoregressive (AR) stochastic process (an AR process assumes that the current value can be
explained as a linear combination of its past values plus a stochastic error term. The process is "stochastic" because of the presence of the
random error term €, that in our case is G * U(n) , which introduces uncertainty and variability into the model), this equation is modified

in the following way:

{ s(n — k) represents the signal at past time instants t =n — k

p = model order = numb. of past samples used to predict s(n).

s(n) = Z a; *s(n—k) + G ~u(n) where { a, = predictor coefficient that weight past p samples of s(n)
k=1 G = gain parameter.

u(n) = Exciter Signal.

This formulation allows us to view voice production as an excitation (modelled as white noise or train impulses) that
passes through a filter represented by the predictor coefficients.

6.2.2 Source-filter Interpretation.
By taking the Z-transform of the previous time-domain equation and extracting its transfer function, we get the
equation:

S(z) 1 > B
H(z) = G- U2 :A(Z) where {A(z) = 1 —Z g *z7 .
k=1
In the picture on the right is provided a simplified block G
diagram of the source-filter model used in speech
processing, particularly in the context of Linear Predictive u(n) shaping filter s(n)
Coding (LPC). Here's a breakdown of each component A2 H(z)=1/A()[
shown in the diagram:

1. Excitation Source u(n): this represents the input to Figure 17

the system, which can be thought of as a series of
impulses or white noise, simulating the excitation of the vocal cords in human speech. In the context of LPC,
this signal is often modelled as a series of impulses corresponding to the glottal pulses during voiced speech.

2. Gain G: This is a scaling factor applied (multiplication) to the excitation source to control the amplitude of
the signal, adjusting the energy of the excitation to match that of the actual speech signal.

3. Shaping Filter H(z): This is the digital filter that shapes the spectral properties of the excitation signal to
produce the speech signal s(n). The filter is represented in the z-domain by H(z), which is the inverse of the
polynomial A(z).

4. Output s(n): The output of the system is the synthesized speech signal s(n).

6.2.3  Application of this Model into LPC
We can use this type of signal prediction into Linear Predictive Coding. In that case, the predicted signal $(n) would
be: $(n) = Z£=1 ay * s(n — k). This means that the prediction error is equal to e(n) = s(n) — §(n), that in the Z
domain becomes:

S(2)

E(Z) = 7) = S(Z) * A(Z), that in time domain is e(n) = G * u(n)



which is the ‘non deterministic component’ of the signal.

This leads to the following implementation:
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In which:

e u(n) is the excitation signal (vibration of vocal cords), that is multiplied by the gain parameter G (volume of

our voice). ﬁ is the actual shaping filter H(z) (our vocal tract). The result S(n) is the actual speech signal.

e A(n) is the estimated shaping filter. We have seen that E(Z) = S(Z) * A(Z), so the output of this filter
(when its input is s(n)) is 1i(n): the signal that represents the pitch information of the speech. It is the output
signal of the encoder and the input signal of the vocoder, and it’s retrieved from the residual prediction error
e(n) = G xu(n). The signal @i(n) can be:

o The actual residual prediction error e(n) = G * u(n).
o Just a A time representing the distance between two consecutive impulses (in this case the
excitation signal is represented as a train of impulses.

e (and %n) are the estimated gain and shaping filters at the decoder side. The input signal (the pitch

information) passes through these two modules in order to reconstruct the encoded signal §(n).
The coefficients of the estimated shaping filter A(n) can be founded in the following way:

1. We calculate the autocorrelation C,, of the input signal s(n);
2. Build the Toepilitz matrix of the autocorrelation:

r(0) r(1) . r(p—1)
R= r(1) r(0) w r(p—2)
rp—1) r(p—2) .. r(0)
3. We build a column vector with p elements of the C_xx matrix (from the second element to the p + 1 one):
r(1)
e
r(p)

4. Getd(n) =R lxr.
5. Get the estimated shaping filter A(n) = 1 — @(n)Transpose

6.3 WAVEFORM CODERS

Waveform coders are a class of algorithms used in digital signal processing that directly encode the amplitude of the
audio waveform at uniformly spaced intervals. They aim to replicate the exact waveform of the original signal during
playback, which contrasts with vocoders or parametric coders that model the signal using parameters like pitch and
formants. For this reason, this type of speech coding algorithm performs well with a wide range of audio signals (not
only speech). Waveform coders are commonly used for applications where audio quality is of paramount
importance.

We can implement waveform coders using o ne of the algorithms that we have studied in the previous sections:



6.3.1

5.

6.3.2

PCM in Waveform Coders

Uniform PCM: This is the most straightforward type of PCM where the analog signal is sampled at uniform
intervals and each sample is quantized into a fixed number of levels, with the same step size between each
level. The quantized values are then binary encoded for transmission or storage. Uniform PCM is simple but
can be inefficient for signals with a wide dynamic range because the same quantization resolution is applied
across the signal, regardless of its complexity.

Non-Uniform PCM: To address the inefficiency of uniform quantization for signals with varying amplitude
distributions, non-uniform PCM applies quantization with varying step sizes (es. Lloyd-Max). This approach is
often implemented using algorithms like p-law, in which a logarithmic transformation function is used to
assign smaller step sizes for low amplitude signals, and larger step sizes are used for high amplitude signals,
following the human ear’s sensitivity curve.

APCM (Adaptive PCM): APCM stands for Adaptive Pulse Code Modulation, where the step size of the
quantizer is adapted based on the input signal. This adaptation can be based on the amplitude of the
previous samples or other properties of the signal. The adaptive nature allows APCM to allocate bits more
dynamically, offering better resolution during rapidly changing or high-frequency parts of the signal, and
reducing resolution when the signal is relatively constant or slow-moving.

DPCM in Waveform Coders

There are two main type of DPCM that are used in Speech Coding:

8.

DPCM (Differential PCM): DPCM is Differential Pulse Code Modulation, a variant of PCM that encodes the
difference between successive samples rather than the absolute sample values. This technique takes
advantage of the fact that successive samples of audio signals are often highly correlated. By encoding the
differences, which tend to be smaller than the absolute values, DPCM can often use fewer bits per sample
compared to standard PCM, leading to data compression.
ADPCM (Adaptive DPCM): ADPCM stands for Adaptive Differential Pulse Code Modulation. It extends the
concept of DPCM by adapting the quantization step size according to the signal's variation. The step size is
increased when larger differences between samples are detected (indicating rapid changes in the signal) and
decreased for smaller differences. This adaptation allows ADPCM to maintain signal quality while reducing
the bit rate further than DPCM, offering an effective balance between compression and quality. The
adaptation process in ADPCM can be:
1) Forward adaptive: The encoder adapts its parameters based on the analysis of past signal segments
and sends information about these adaptations forward to the decoder.
2) Backward adaptive: The encoder adapts its parameters based on the previously encoded signal
segments, and since the decoder has access to the same previously decoded segments, no additional
information needs to be sent for these adaptations.

Practical ADPCM schemes typically incorporate a prediction process similar to that used in Linear Predictive Coding
(LPC). In LPC, a speech sample is estimated using a linear combination of previous samples. The coefficients that
multiply these previous samples are optimized to minimize the prediction error. In the context of ADPCM, a similar
predictive model is used, but it focuses on predicting the difference between samples rather than the absolute
sample values.

Here below there is a detailed description of the ADPCM process.

Encoder: the following operations are performed (only) in the encoder.
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Encoder & Decoder: the following operations are
performed both in the decoder (to reconstruct the signal) and in the encoder (to emulate the behaviour of the
decoder in order to get a prediction more similar to the one of the decoder):

3. De-quantization d(n): the quantized d(n) is then de-quantized in order to get the reconstructed prediction
error d(n). The de-quantization step is adjusted following the v(n) signal generated by the step_update
module. There is a loss of information here due to quantization.

4. Prediction (i(n)): the prediction is performed through two parallel predictors:

3) Short term predictor (X{(n)): the short-term predictor is used in DPCM systems to model the
rapidly changing spectral characteristics of speech, which are influenced by the vocal tract's shape.
The short-term prediction typically uses a linear predictive coding (LPC) model, which can be
represented by the filter A(z) in the z-domain:

p {ak are the short term predictor coefficients.

A(z) =1- Z ay * z7% where p is the order of the predictor.
k=1 Z_y, is the delay elements in the z domain.

4) Long term predictor (X;(n)): the long-term prediction is used to exploit the periodic nature of
voiced speech to achieve additional coding gain. Voiced speech, such as vowels and certain
consonants, exhibits periodicity corresponding to the vocal cords' vibration rate, which is perceived
as pitch. The long-term predictor A; (z) is defined as:

J a; are the long term predictor coefficients.
A(2) = z a; * 27T where T represents the pitch period.
k=—j z71~T are the delay elements in the z domain.

The two predictions X; (n) and X,(n) are summed up to get the total prediction X(n).
This prediction will be ...
5) Encored > ... subtracted to the input signal to obtain x(n) — X(n) = d(n), and so the cycle of
encoding restarts.
6) Decoder - ... summed to the de-quantized prediction error in order to get the decoded signal
d(n) + £(n) = ¥(n) = x(n).

6.4 VOCODERS

Vocoders are a category of speech processing tools designed to analyze and synthesize the human voice signal
efficiently. They operate on the principle of separating the speech signal into two distinct components:

10. The source (excitation): this component represents the source of the sound generation. It includes
information about the vibration of the vocal cord and the sound produced by them.
11. The system (vocal-tract): this component represents the filter that the source signal passes through.



Unlike waveform coders, the performance of vocoders generally degrades for non-speech signals.

6.4.1 Channel Vocoder
Channel vocoder is one of the earliest types of vocoders, which splits the speech signal into different frequency
bands using a series of bandpass filters. Here's how it works:

12. Analysis: The incoming speech signal is divided into a number of frequency bands. Each band captures a
specific portion of the speech spectrum. The energy content in each band is then measured, typically by
rectifying and low-pass filtering the output of each bandpass filter, which yields the amplitude envelope of
that band over time.

13. Carrier Signal: A noise or tone generator creates a carrier signal, which is then modulated by the amplitude
envelopes derived from the speech signal.

14. Synthesis: The modulated signals from all bands are summed together to reconstruct the speech signal. The
result retains the temporal characteristics of the original speech but loses some of the finer spectral details,
as the carrier signal does not carry the phase information of the original signal.

Channel vocoders are known for producing robotic-sounding speech, which is why they are often used for musical
effects rather than accurate speech reproduction.

6.4.2 Linear Predictive Vocoder

A linear predictive vocoder is a type of vocoder that utilizes the concept of linear prediction to analyze and
synthesize speech signals. It exploits the source-system model scheme by estimating the parameters of the vocal
tract filter and the excitation source. In a linear predictive vocoder, the encoder and decoder work together to
analyze and synthesize speech signals. The encoder analyzes the input speec signal and extracts the relevant
parameters, while the decoder uses these parameters to synthesize a reconstructed speech signal.

The main parameters sent from the encoder to the decoder in a linear predictive vocoder include:

1. Linear prediction coefficients (A(z)): parameters that represent the vocal tract filter transfer function.
2. Pitch period (time lag A): represents the fundamental frequency of the voiced speech.
3. Voicing decision (zcr & ste): determines whether a particular segment of speech is voiced or unvoiced.

LPC vocoders are more efficient in terms of data bandwidth than channel vocoders and can produce more natural-
sounding speech. They are widely used in telecommunications and speech synthesis systems due to their ability to
produce intelligible speech at very low bit rates.

6.4.2.1 Source-System Model

In speech coding, a source-system model is fundamental for understanding how speech signals are generated and
processed. This model is based on the theory that the production of speech sounds can be divided into two main
components: the source and the system.
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¢) Vocal Tract: It represents the filter component in the source-system model.
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It corresponds to the physical structure of the vocal tract, including the
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throat, mouth and nasal cavity. The vocal tract act as a resonant filter that shapes the excitation signal from
the glottal model, determining the spectral characteristic of the speech sound.

d) Spectral Correction: It relates to the process of obtaining the spectral envelope of the speech signal. This
involves using a bank of bandpass filters to capture the resonant characteristics of the vocal tract.

e) Lip Radiation: This block accounts for the effects of radiation from the lips and mouth during speech
production. It considers the acoustic radiation pattern of the vocal tract and how it affects the final sound
that is radiated into the surrounding air.

f) Synthetic Speech: is the output of our system.

(Vocal tract, Spectral Correlation and Lip Radiation are incorporated into the H(z) = filter in source-system model equation).

1
1-A(z)

This model can be represented using the following z-domain function:

( S(z) = Ztransform of the synthesezed speech signal.
G G = gain factor that adjusts the overall amplitude of the signal.
S(z) = ————*U(2) where 1

1-A(2) = H(z) = LPC syntesis filter (vocal tract).

1—-A(2)
U(x) = Z transform of the Excitation signal (pulse train or white noise)

The system and excitation parameters, specifically G and A(z), are not inherent to the speech signal and must be
estimated from a finite set of speech samples. The estimation process typically involves analyzing a window of
speech, which is often 20 — 30ms long, updating the parameters every 10-30ms to track changes in the speech
signal over time.

For vocal tract representation, generally, 8 — 14 linear prediction (LP) parameters are sufficient, providing a balance
between computational efficiency and the ability to accurately model the intricacies of human speech. The specific
number of parameters can vary depending on factors like the desired quality of synthesis and the characteristics of
the speaker's voice.

6.4.2.2 Quantization of LP parameters
In Linear Predictive Coding (LPC), one major issue is the quantization of LP parameters that are transmitted to the
decoder. This process can introduce errors that may affect the stability and quality of the synthesized speech.

1
1-A(2)’
the coefficients of the filter A(z) can lead to instability in the synthesis filter, which is why alternative methods of
representing the LPC parameters are often used:

The LPC synthesis filter, represented as is sensitive to the quantization of its coefficients. Directly quantizing

7) Reflection coefficients: one such method is to use reflection coefficients, denoted as k; , which are
inherently stable when quantized because they are bounded between -1 and +1. These coefficients can be
ordered and exploited for encoding, with the first reflection coefficients typically being encoded with higher
precision because they have more influence on the filter's response. Additionally, transformations of

reflection coefficients can lead to parameters that are less sensitive to quantization errors. The Log Area

1+l;"‘). LARs have been used in

1-km

Ratios (LARs) are one such transformation, calculated as: LAR(m) = log(

many coding applications because they provide a more robust representation that can handle quantization
better.

8) Line Spectrum Pairs: Line Spectrum Pairs (LSPs) are an alternative representation of LPC coefficients that
provide some advantages, particularly in the quantization and transmission of LPC parameters for speech
coding. The LSPs are frequencies that represent the spectral envelope of a speech signal.

For a 10th order LPC polynomial, typically written as Ajg = 1 + a, * 271 + --- + a; * 2~ 1% LSPs are derived
by forming two new polynomials that are symmetric and antisymmetric around the unit circle in the z-plane.

A101(2) = A19(2) + 2711 % A;o(z™1) that contains the even order coefficients.

A101(2) = A19(2) — 2711 x A;4(z™1) that contains the odd order coefficients.

Each of these new polynomials has five complex conjugate pairs of zeros on the unit circle. The angles

These polynomials are: {

corresponding to these zeros are the LSP frequencies. They can be used to reconstruct the original LPC
A101(2)+4102(2)

polynomial by the relation 4,4(2) = >



One significant advantage of LSPs is that they can be coded using perceptual quantization rules, which take
into account the human ear's sensitivity to different frequencies. This means that the quantization noise
introduced during the transmission can be minimized in the perceptually important regions of the speech
spectrum, leading to better-sounding decoded speech.

6.4.3 Open Loop Excitation Models

In Linear Predictive Coding (LPC) for vocoders, open-loop excitation models refer to methods of generating the
excitation signal without feedback from the system output. These models determine how the vocal tract filter is
excited in speech synthesis. Here are the types of open-loop excitation models.

6.4.3.1 Two-state Excitation Model

The two-state excitation model in speech processing is a method used to generate the excitation signal for Linear
Predictive Coding (LPC) synthesis. It operates on the principle that speech can be categorized into two primary types:
voiced (typically a pitch-synchronous pulse train) and unvoiced (typically a random noise generator).

The parameters that define this model are:

9) Gain: Adjusts the amplitude of the excitation signal to match the energy of the analyzed speech segment.

10) Pitch Period: Determines the fundamental frequency of the voiced speech. In the case of voiced sounds, the
excitation signal is typically a periodic pulse train corresponding to the pitch of the speech.

11) Binary Voicing Parameter: A flag that indicates whether the speech is voiced or unvoiced. If the parameter is
set for voicing, a pitch-synchronous pulse train is used. If not, random noise is used to represent unvoiced
speech.

6.4.3.2 Mixed Excitation Model

These models provide a combination of periodic (voiced) and aperiodic (unvoiced) excitations simultaneously. This
allows for a more natural representation of sounds like fricatives or mixed voicing, which can have characteristics of
both voiced and unvoiced sounds.

The mixed excitation model works as follow:

1. Generation of the sound:

a. the Impulse Train Generator produces a series of impulses at the pitch period for voiced speech. The
impulses are spaced at intervals corresponding to the fundamental frequency of the voice.

b. Simultaneously, the Noise Generator provides a random noise signal for unvoiced speech parts. The
noise generator ensures that unvoiced sounds, which lack a clear pitch, are represented accurately.
The noise signal is often passed through a lowpass filter fc to limit its bandwidth to match that of
typical unvoiced speech sounds. The cutoff
frequency fc is chosen based on the spectral T
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3. Amplification of the sound: the Amplifier (g) sets the
final mixed excitation signal to the appropriate level.

The output signal will be then used to excite the LPC filter in the synthesis process.

6.4.3.3 Residual excited linear prediction

Residual Excited Linear Prediction (RELP) is a technique in linear predictive vocoders where the excitation signal for
the synthesis filter is the residual signal from the LPC analysis. The residual signal is the difference between the
actual speech waveform and the waveform predicted by the LPC filter. This difference contains the finer details of
the speech signal that the LPC model doesn't capture, including phase and pitch information, and characteristics



from nasal and other sounds not modeled by the LPC filter. By using this signal as the excitation for the LPC synthesis
filter, RELP maintains the unique characteristics of a speaker's voice, resulting in more natural-sounding synthesized

speech.

In RELP, typically, only the low-frequency components of the residual are transmitted, as they carry most of the
speech intelligibility. The high-frequency components, less critical for understanding speech, are not transmitted but
rather synthesized at the decoder to reconstruct the full speech signal. This approach is beneficial for reducing the
amount of data that needs to be transmitted, thus making it a bandwidth-efficient method of speech coding.

6.5 ANALYSIS LINEAR PREDICTIVE CODERS MATLAB IMPLEMENTATION
In order to implement an Analysis-by-synthesis Linear Predictive Coder in MATLAB you must follow the steps below:

6.5.1

6.5.2

Windowing Configuration

%% Analysis Window Configuration.

w_dur_sec = 0.04; % window duration in seconds

w_dur sampl = w dur sec * Fs; % window duration in samples
w_shift sec = 0.01; % shift from a window and the next (stride)
w_shift sampl = w_shift sec * Fs; % stride in samples

window = hamming (w_dur_ sampl) ;

numOfWindows = floor ((length(x)-w _dur sampl)/w _shift sampl)+1;
Voiced vs Unvoiced detection

$% Voiced vs Unvoiced detection

ZCR_STE = zeros (numOfWindows, 2);
for i = 1 : numOfWindows
idxs = 1+ (i-1)*w_shift sampl:(i-1)*w_shift sampl+w dur_ sampl;
windowedFrame = x(idxs) .*window;
ZCR = sum(abs (diff (windowedFrame>0)))/w_dur sampl;
STE = sum(windowedFrame."2);

ZCR_STE (i,1)=%CR;

ZCR_STE (i, 2)=STE;
end
threshold = median (ZCR STE,1); % 1 = along first dimension (rows).
voiced = ZCR STE(:,1l)<threshold(l) & ZCR STE(:,2)>threshold(2);



6.5.3 Speech Synthesis

%% Speech Synthesis

% Set up the initial variables

p = 12; $ LP order

% Pitch detection initial parameters
min £ = 60;

max £ = 500;

max lag = ceil (Fs/min f);

min lag = floor(Fs/max lag);
% Initialize the vector that will contains the synthetized speech
synth voice = zeros(size(x));
for i = 1 : numOfWindows
idxs= 1+ (i-1)*w_shift sampl : (i-1)*w shift sampl+w dur sampl;
currWin = x(idxs) .*hamming (length (numOfWindows)) ;
% Extract the LP coefficients (A hat)
[Cxx, lags] = xcorr (currWin);
Cxx pos = Cxx(lags>=0); % only positive values

R = toeplitz (Cxx _pos (l:p));
r = Cxx_pos (2:p+l);
a _hat = R\r;

A hat = [1; - a _hat];
% Get the prediction error= u(n)*G (consider delay introduced by conv).
if 1 ==
[error, errDelay] = filter (A hat, 1, currWin);
else
[error, errDelay] = filter (A hat, 1, currWin, errDelay):;
end

% Generation of the exciter (output encoder = input decoder).
if voiced (i) ==
% Pitch Detection.

Cxx _crop pos = Cxx pos(min_lag+l:max lag+l);

[~, relative lag] = max(Cxx crop_ pos);

time lag = min lag + relative lag - 1;

e = zeros(size(currWin)) ;

e(l:time_lag:end)=1; % train of pulses (voiced).
else

e = randn(size(currWin)); % random noise (unvoiced).
end

e = e/std(e) *std(error) ;
% Synthetize speech (consider delay introduced by convolution) .

if 1 ==
[synth voice frame, synthDelay] = filter(l, A hat, e);
else
[synth voice frame, synthDelay] = filter(l, A hat, e, synthDelay);
end
synth voice(idxs) = synth voice(idxs) + synth voice frame;
end
% Normalize sound from -1 to 1
synth voice = (synth voice-min(synth voice))/ (max(synth voice) -
min (synth voice)) * 2 - 1;

6.6 ANALYSIS-BY-SYNTHESIS LINEAR PREDICTIVE CODERS

Analysis-by-synthesis works by generating a synthetic version of the speech signal based on a set of parameters,
then comparing this synthesized speech to the original speech signal. The difference between the two is analyzed,
and the parameters are adjusted to minimize this difference.

The modules of an analysis by synthesis linear predictive coder are:

1. Prediction section: this module is inherited from waveform coders. In this module, System Parameters are
determined by linear prediction, which is a technique used to estimate the spectral envelope of speech by




predicting current speech samples based on past samples. The system comprises a short-term LP synthesis
filter that models the formant structure of speech, a long-term LP synthesis filter that captures the pitch.

2. Excitation Sequence: this module is inherited from vocoders. As we have seen in the case of open loop
excitation models, the excitation sequence determine how the vocal tract filter is excited in speech
synthesis. In Analysis By Synthesis coders, the excitation sequence is optimized through a closed-loop
process that involves selecting an excitation sequence that minimizes a weighted difference between the
original speech signal and the synthesized speech signal. The error is weighted to reflect the sensitivity of the
human ear, ensuring that perceptually important aspects of speech are preserved.

The way in which these components are combined is explained below:

1. Sound Generation: the Exciter is where

the excitation signal d(n) for the LPC %o
filter is chosen or generated. It could be a Euciner B>
residual signal, a noise source, or a

combination, depending on the speech 4

being modeled. The amplitude of d(n) is
adjusted to match the energy level of the
target speech signal through the gain
module.
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2. Prediction: The excitation signal d(n) is

fed into the LPC filters:

c. Ap(2)isthe long-term LPC filter representing pitch.
d. A(z) is the short-term LPC filter modelling the vocal tract (formant structure).
These filters process the excitation signal to produce a synthesized speech signal X(n).

3. Feedback generation: the difference x(n) — X(n) is calculated to get the residual error d(n). This error
passes through a W(z) filter that weights the error coefficient following the sensitivity curve of the human
ear (more importance to the lower frequencies coefficients). The weighted error passes then into a MSE
module that calculates the Mean Square Error of the predicted signal compared to the original one. The final
feedback signal is then passed to the exciter, that will optimize the excitation sequence in order to make the
predicted speech signal closer to the actual speech signal.

So, Analysis-by-synthesis LPC combines the features of model-based vocoders, which represent the formant and
pitch structures, with waveform coders that match the input speech waveform. This hybrid approach, augmented by
perceptual weighting, ensures that the encoded speech sounds natural to the listener.

6.7 COMMON EXCITATION MODELS USED IN SPEECH PROCESSING

6.7.1 MultiPulse Excited Linear Prediction (MPLP)

This algorithm creates an excitation sequence composed of multiple, non-uniformly spaced pulses. The amplitude
and location of each pulse are determined to minimize the weighted mean square error between the synthesized
and actual speech. MPLP typically uses 4-6 pulses every 5 milliseconds. It provides a more accurate speech
representation but is computationally more intensive because it codes both the amplitudes and the locations of the
pulses.

6.7.2 Regular Pulse Excitation (RPE)

In contrast to MPLP, RPE uses pulses that are uniformly spaced. The positions of these pulses are determined once
the location of the first pulse is known. RPE commonly uses a spacing factor of 3 to 4 and updates the first pulse
location every 5 milliseconds. RPE typically includes 10 to 13 pulses in each 5ms segment. This method is less
complex than MPLP.



6.7.3 Code Excited Linear Prediction (CELP)

CELP is designed for low-rate, high-quality speech coding. It uses a codebook of Gaussian sequences to represent
the excitation signal. The codebook contains a large number of vectors, and the CELP algorithm selects the optimal
vector that minimizes the perceptually weighted MSE. This approach effectively bridges the gap between waveform
coders and vocoders, balancing computational efficiency with speech quality.



7 AUDIO CODING

Audio coding in multimedia signal processing refers to the technology and methods used to compress and
decompress digital audio data. The primary goal of audio coding is to reduce the size of audio files or the bandwidth
needed for transmission without significantly compromising the audio quality perceived by listeners. This is achieved
through various algorithms and techniques that exploit the properties of human hearing (psychoacoustic models) to
remove parts of the audio signal that are less likely to be noticed by the average listener.

7.1 PERCEPTUAL CODING GENERAL PROCESS

Unlike speech coding, where the signal has a more predictable structure and can often be effectively encoded by
modeling the vocal tract and pitch, music and general audio signals lack a simple generative model. This complexity
makes it impractical to rely on a predictive model for efficient encoding. To address this challenge, audio coding
algorithms have adopted a strategy known as perceptual coding. Perceptual coding is underpinned by the principle
of psychoacoustics, which studies how humans perceive sounds. By understanding the limitations and characteristics
of human hearing, perceptual coding aims to eliminate parts of the audio signal that are less critical to our
perception. The following block diagram of perceptual audio coding illustrates this process through several key
stages.

7.1.1 Encoder

o  Analysis Filter Bank: this
module decomposes the il m == gﬂnm —>{Epeobog {;’:‘_‘1 L blgmemou — = — -
input signal into subsampled F
spectral components. This "'ﬂf“‘
means the audio signal is
divided into multiple bands
of frequencies, each band
capturing a portion of the spectrum present in the original signal.

e Perceptual Model: It uses the time domain or time/frequency domain representation of the signal to
compute an estimate of the actual (time-dependent) masked threshold. The masked threshold represents
the point below which a signal becomes inaudible in the presence of another, louder signal (masker). This
model helps to identify which parts of the audio can be altered or discarded based on human auditory
perception.

e Quantization and Coding: The spectral components outputted by the Analysis Filter Bank are quantized and
coded. The goal during this stage is to keep the noise introduced by quantization below the masked
threshold identified by the perceptual model, ensuring that any degradation in audio quality remains
imperceptible to the listener. This is achieved through following the “instruction” from the Perceptual
Model, assigning more bits to more important (from the point of view of human perception) spectral
coefficients of the signal and less bits (or even discard) to the less perceivable spectral coefficients.
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e Encoding of bitstream: the spectral coefficients are then encoded using an encoding algorithm (es. Huffman)
giving as result a bit stream output.

e Frame Packing: Frame packing refers to the process of assembling the bitstream of the quantized and coded
spectral coefficients along with some side information, such as bit allocation information. This side
information is essential for the decoder to accurately reconstruct the audio signal. Frame packing organizes
all this information into a structured format, or "frame", which can then be easily handled by transmission
and storage systems.



7.1.2 Decoder
o Decoding of bitstream: the
output bitstream of the
encoder is there decoded to
retrieve the quantized
signal.
e Inverse quantization: The

decoder

e [
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inverse of the quantization process, this block takes the quantized values and reconstructs the approximate

original sub-band samples.

e Synthesis Filterbank: This block recombines the sub-band samples into a full bandwidth audio signal (using
the informations provided by the Frame Packing module in the encoder). It's the inverse process of the

analysis filterbank.

e Audio Out: This is the output digital audio signal that has been decompressed. It's an approximation of the
original audio in, reconstructed from the compressed bitstream.

7.2 EAR ANATOMY AND PSYCHOACOUSTIC BASICS

7.2.1 Theear
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The human ear is a complex and highly specialized organ responsible for hearing. It consists of three main sections:
the outer ear, middle ear, and inner ear, each playing a vital role in the process of hearing.

Let's analyze the composition of the human auditory system by following the path of sound from the environment to

the brain:

1. Outer Ear:

e Pinna: Sound waves enter through the pinna (the visible part of the
ear), which captures these waves and funnels (incanala) them into
the ear canal. The pinna is unique to everyone, similar to a
fingerprint. This uniqueness contributes to slight differences in how

each person hears.

e Ear Canal: The sound waves travel down this canal, reaching the

eardrum (tympanic membrane).

2. Middle Ear:

Figure 27

e Eardrum: This membrane vibrates in response to the sound waves.



Ossicles: The middle ear contains three tiny bones named the Incus

malleus (hammer), incus (anvil), and stapes (stirrup). Stapes
Malleus

e Malleus (Martello): Attached to the eardrum, it Ligaments
vibrates with the eardrum. o

e Incus (Incudine): Receives vibrations from the Eardrum \ mggg
malleus and passes them to the stapes.

e Stapes (Staffa): The stapes vibrates against the oval e
window, a membrane-covered opening (un'apertura tube
coperta da membrana) to the inner ear, transferring Figure 28

the sound vibrations.

They function like an electrical transformer, amplifying pressure and reducing motion while
preserving energy. This process adapts the sound wave from air to the liquid environment of the
cochlea.

Eustachian Tube: This tube links the ear canal to the throat (gola), helping to equalize pressure between
the ear's internal and external environments. This equalization protects the eardrum from sudden
changes in air pressure and loud noises.

3. Inner Ear:

Cochlear Windows (Oval and Round): The oval window connects to the stirrup, while the round window
acts as a damping mechanism. This setup compensates for pressure changes caused by the oval
window's oscillations.

Cochlea: The most crucial part of the inner ear, the cochlea is
a labyrinthine structure where vibrations are converted into Vestibuar
electrical signals. It is filled with perilymph, a fluid with an H( l 4
ionic composition similar to plasma and cerebrospinal fluid.

The vibrations cause the fluid inside the cochlea to move.

Cochlea
nerve

Damaged
hair cells
inside cochlea

Hair Cells: The cochlea's basilar membrane is lined with over ey
30,000 hair cells. These cells convert the mechanical

vibrations into electrical signals as they bend (mentre si

piegano) in response to fluid movement. Different regions of

the basilar membrane are sensitive to different frequencies,

Nerves

Figure 29

following the logarithmic function wg = 2% + a (The variable
a represents the characteristic frequency location on the basilar membrane of the cochlea closest to the
oval window. It is the frequency for which the distance x from the oval window is zero). High-frequency
sounds primarily vibrate the base of the membrane (near the oval window), which is stiffer and
narrower (piu rigido e pil stretto). Low-frequency sounds, conversely, vibrate the apex (apice) of the
membrane, which is wider and more flexible.

Auditory Nerve: These electrical signals are transmitted to the brain through this nerve.

The middle and inner Ear are covered by the Temporal Bone, that is one of the hardest parts of the body.

OUR AUDITORY SYSTEM, WHILE COMPLEX, DOES HAVE ITS LIMITATIONS.



7.2.2  SOUNDS ILLUSIONS

7.2.2.1 Superposition of Pure Tones - 1st Order Effect (originated in the cochlea)@ Figure 30
When two sounds with closely related frequencies, denoted as f1 and fz, are played :

together, we don't hear them as separate. Instead, we perceive a single tone that oscillates.
This perceived tone has a frequency that is the average of f, and f,, and it also beats or

pulsates at a frequency that is the difference between flz;fz

Mathematically, this is represented as follows: sin(4) + sin(B) = 2sin (

sin(2nf t) + sin(2nf,t) = 2sin (ant> cos <2n

A

ens(15)
(f1 — fz) t>

Fig. Graphical
representation of beats

2 2

The sine component on the right-hand side of the equation corresponds to the average frequency of the two tones,
which is the frequency we perceive. The cosine component represents the beat frequency, which is how fast the sound
seems to pulse.

What's fascinating is that we are hearing a frequency that is not actually being played by any of the two sources. This
is a testament to the constructive and destructive interference patterns that sound waves can form and how our
auditory system interprets these patterns.

7.2.2.2 Superposition of Pure Tones - 2 Order Effect (originated in the neural system)

This effect is rooted in the neural system. Unlike physical sound wave interference, the 2nd-order effect involves the
brain's interpretation of the sound waves: when two pure tones are played with frequencies f, and f,, where f is
slightly different from 2 « f_, the brain perceives a tone beat at the frequency f, — 2 = f.

Two sounds at 100 and 201 Hz
(beat frequency = | Hz)

Figure 31

In contrast to the 1st-order effect, where beats are heard as changes in amplitude, the 2nd-order effect maintains a
constant amplitude. Instead of amplitude modulation, listeners experience cyclic changes in the shape of the
waveform. This can be perceived as a variation in the sound’s timbre or quality, without fluctuations in loudness.

7.2.3 Timbral Consonance and Dissonance

Understanding whether two sounds are consonant or dissonant involves analyzing their
frequency separation and how this separation is perceived by the human auditory system.
In particular, it is important the concept of critical Bandwidth, which refers to the
frequency range within which two sounds affect the same group of hair cells in the
cochlea. The sounds within a critical bandwidth are more likely to interact, affecting our
perception of consonance and dissonance.

CONSONANCE —s-
~— DISSONANCE

X CRITICAL BANDWIDTH

Figure 32



When two tones are close in frequency (within a small separation), we perceive a single beat or a combined tone

4a: Fluctuation Strength

4b: Roughness

rather than two distinct sounds because these sounds are in the same critical
bandwidth and stimulate the same hair cells. As the frequency separation
increases, we initially perceive a sensation of roughness (ruvidosita, rozzezza),
which is associated with dissonance. When the frequency separation exceeds
the critical bandwidth, we perceive two distinct tones, indicating a transition
from dissonance to consonance.

The width of the critical bandwidth changes in function of the frequency: at lower
frequencies, the critical bandwidth is larger, which can make intervals sound
muddy (torbido) or less distinct; at higher frequencies, the critical bandwidth

4c: Two Tones

Figure 33

higher registers but dissonant in lower registers.

becomes narrower, and intervals sound more consonant and clearer.

This phenomenon explains why certain intervals on a piano sound consonant in

For the same reason, the spacing of chords in Western music tends to become

wider in lower registers, which helps avoid sensory dissonance. The left hand of a pianist often plays voicings that span
a wider range when the lowest note is around the octave below middle C. In contrast, the right hand can play more
closely spaced intervals without creating dissonance because the critical bandwidth in higher registers is narrower.

7.2.3.1 Bark Scale

The definition of critical bandwidth leads to the partitioning of the frequency

domain in critical bands similar to the one shown on the right. The frequency

scale that is derived by mapping frequencies to critical band numbers is called
the Bark scale.

7.2.4  Pitch: The Subjective Impression of Frequency
Pitch is a subjective impression of frequency. It doesn’t always correspond to the

real frequency of the sound, a phenomenon due to the way our brain processes

sound information.

7.2.4.1 Just Noticeable Difference (JND)

It is the smallest variation of a frequency we can perceive. Our hearing is most
sensitive in the mid-frequency range of 20Hz to around 20kHz, with the most
sensitivity lying in the logarithmic scale from 1-4 kHz, crucial for the frequencies
characterizing speech. Figure 11 presents a graph that illustrates this concept.
The difference limen is the smallest change in a stimulus that can be detected.
On the y-axis, we have the difference limen for frequency expressed as a
percentage, and on the x-axis, we have the frequency of the tones in hertz (Hz).
We can observe from the graph that at lower frequencies (below 500 Hz), the
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percentage change needed for a difference to be noticed is larger. This implies that at lower frequencies, our ears are
less sensitive to changes in frequency. As the frequency increases, particularly in the mid-range (around 1000 to 5000
Hz), our sensitivity to frequency changes increases, meaning that smaller percentage changes are detected. However,
at very high frequencies (above 5000 Hz), the curves level out, indicating that our ability to discern changes does not

improve significantly in this range.

7.2.4.2 Fundamental Note

All sounds that create a sensation of pitch are periodic. Their spectrum consists of harmonics that are integer
multiples of the fundamental frequency. The pitch of a complex periodic tone is closely related to the pitch of a sine

wave at the fundamental. Helmholtz postulated that pitch is heard at the fundamental frequency because this
frequency creates the lowest frequency peak on the basilar membrane in the ear.




Seebeck and later Schouten demonstrated that even complex periodic sounds with no energy Figure 36
at the fundamental frequency can still produce a clear pitch sensation at the fundamental.

This phenomenon is called Missing fundamental.

7.2.4.3  Pitch and Intensity

Pitch not only depends on the frequency but also on the intensity or amplitude of sound.
Even when playing the same pitch at different volume levels, our pitch perception may
change, leading us to perceive different notes. The figure 12 shows how pitch changes in
function of the intensity (when intensity increases: low frequencies are perceived as lower
pitch, high frequencies are perceived as higher pitch).

FREQUENCY CHANGE (%)

EX) 5 & a1 114
SOUND PRESSURE LEVEL (d8)

7.2.4.3.1 MelScale .
Pitch is measured using the Mel scale (figure 13). It is a scale that relates the perceived a
frequency of a tone to the actual measured frequency. It's based on subjective tests to
quantify how listeners perceive pitches: the idea is that equal distances on the Mel scale
sound equally distant to the human ear. The scale is non-linear: it is more linear at lower '
frequencies and more logarithmic at higher frequencies. This reflects how the human ear L/
perceives sound. The unit of measurement on this scale is "Mels." For reference, 1000 Hz is '
usually set to 1000 Mels, and other frequencies are scaled relative to this.

Figure 37
Figure 13 shows what we have just said: the horizontal axis represents the frequency of the

sound in Hertz (Hz), while the vertical axis represents the perceived pitch of the sound measured in Mels. As usually,
1000 Hz is set as a reference point where the frequency in Hertz and the perceived pitch in Mels is the same.

7.2.4.4 Acoustic Intensity Measurement

Acoustic intensity, often described as loudness, is how we subjectively experience the power of a sound. It's not just
about how strong the sound is; it's about how we perceive its strength. For example, two sounds might have the
same Sound Pressure Level (SPL), which is an objective measurement, but we might hear them as being of different
loudness if they are at different frequencies.

7.2.4.4.1 Phon scale and Fletcher and Munson's iso-phonic curves
The unit of measurement of perceived intensity is the phon. The phon scale is

based on the dB scale (decibels) but adjusted for the ear's varying sensitivity 20 | o
. . . . T TR N T
at different frequencies. For instance, our ears are less sensitive to very low/ o oo~
very high frequencies. The relation between perceived and real intensity is: = ’"“"}:j\::: I
g% I —1
= R~ L
0 phons = perceived intensity of a 1000hz tone at 0 Db (SPL) Zoo e~
= N
So, if a sound is said to have a level of x phons, it is as loud to us as a 1000 Hz i 5\\\\__,;‘”\:~: m
tone would be at x decibels SPL. ! T NI =
o HHHHHHREEA]

To better understand this concept, we could use the Fletcher and Munson's % o o
iso-phonic curves (figure 14). This plot shows several curves, each p}/gq%“;g
representing a constant loudness level in phons. The curves swoop upwards

at the lower and higher ends of the frequency spectrum, indicating that at these frequencies, a sound must have a
higher SPL for us to perceive it as being equally loud to a sound at 1000 Hz and 0dB. The lowest curve marks the
threshold of audibility—below this line, sounds are too faint to hear. The highest curve denotes the threshold of
pain—above this, sounds are uncomfortably loud. This plot illustrates that our perception of loudness changes with
frequency and is not a straight linear relationship with the SPL.

00 10000

7.2.4.5 Intensity Thresholds

The audibility of sound also depends on intensity thresholds, which are the minimum and maximum SPLs at which
sound is perceivable without causing pain. The threshold of pain indicates the SPL beyond which sound becomes
painfully loud, while the hearing threshold indicates the lowest SPL at which sound is just audible.



7.2.5 Masking
Masking refers to a process where one sound is rendered inaudible because of the presence of another sound.

It is convenient to distinguish between only three types of simultaneous masking:

e noise-masking-tone (NMT)
e tone-masking-noise (TMN)
e noise-masking-noise (NMN)

We define the SMR (Signal-to-Mask ratio) as the difference between the intensity (SPL) of the masking tone/noise
(‘signal’) and the intensity of the masked tone/noise ('mask’). A positive SMR indicates that the tone is more audible
than the masking noise, while a negative SMR suggests that the masking noise dominates and the tone is less
audible.

7.2.5.1 Frequency Masking Figure 39
Frequency masking occurs when the presence of a stronger sound, or "masker," makes it

difficult to hear a second sound at a similar or neighbouring frequency. This happens % % \i::z::;:zh
because the masker and the masked sound compete at the level of the auditory system. % aaf
When two sounds are played together, if one is significantly louder (the masker), it can % ey = ﬂgﬂ‘;"}hw&h_
obscure our ability to hear the other sound (the test tone). The point at which the /ess 5 i -
loud tone becomes just audible is known as the threshold of audibility. § el -
Freq.
e Inthe NMT scenario a narrow-band noise masks a tone within the same g;:a g:li%hboring
critical band, provided that the intensity of the masked tone is below a
threshold directly related to the intensity and, to a
lesser extent, the center frequency of the masking 80 l """ e 8 % """"""""" ol
noise. 76 Threshold 3
e Inthe case of TMN a pure tone occurring at the § v g
center of a critical band masks noise of any E -~ Threshold
subcritical bandwidth or shape, provided that the B "
noise spectrum is below a predictable threshold S é’ oy
directly related to the strength and, to a lesser ’ 410 Freq. (Hz) 1000 Freq (Ho)
extent, to the center frequency, of the masking tone. et QL?:’
" Figure 40

7.2.5.2 Temporal Masking
Temporal masking describes the auditory system's delayed response to

sounds following a loud noise. After exposure to a loud sound (the masker), ] 0 :M:srﬁ'ng; Smutroous | Pos
the ear requires time to recover and become sensitive again to softer sounds ol
at similar frequencies. This recovery time can involve both a pre-mask period, =

& 20fF Masker )

. . . . . 7] Masking
occurring immediately before the masker is introduced, and a post-mask i Threshold
period, following the cessation of the masker. During these times, our G 00 200 300 400 500

. . f . . Time [ms] —_—
perception of other sounds is ‘masked,' and our ability to hear them is Figure 41

diminished.

The concept of auditory masking is used in the development of audio compression algorithms, such as those used in
MP3 and AAC encoding, which remove sounds that are likely to be masked and therefore inaudible, allowing for more
efficient compression.

7.3 PERCEPTUAL MODELS

Perceptual models, in the context of audio encoding and signal processing, refer to algorithms or frameworks that
are designed to approximate the human auditory system's response to sound. The goal of these models is to predict
what changes to an audio signal can be made that will be imperceptible or least noticeable to the average listener.



This is crucial in audio compression, where the aim is to reduce the amount of data needed to represent the audio
without significantly compromising the perceived quality.

The perceptual model's main task is to estimate the allowed noise level, which is the "just masked threshold". This
means the model determines the maximum amount of noise that can be added to the audio signal at each time and
frequency location without being detected by the average listener.

The bit allocation according to perceptual criteria works in the following way:

1. For each frequency band, a time-varying Signal-to-Mask Ratio (SMR) is estimated. The SMR is a measure of
how much signal is present compared to the noise (masking) threshold at that frequency. A higher SMR
means that there is more signal relative to the noise, and therefore, more bits should be allocated to
represent this signal accurately.

2. The model then allocates bits to each frequency band based on the SMR. The number of bits allocated to
SMR;

6.02dB’
doubling or halving of the signal power, which in turn corresponds to an increase or decrease of one bit of

resolution in a digital signal.

eachbandiisR; = The constant 6.02 appears because a change of 6.02 dB corresponds to a

7.4 MPEG-1 PsycHOACOUSTIC MODEL 1

The MPEG-1 psychoacoustic model 1 is an St RS
algorithm used for the perceptual encoding of e —
digital audio. It's part of the MPEG-1 standard, ’"’j" Q“’fi};"‘r” i
which includes the well-known MP3 audio Jindow L:’:’:“"O'“"’
compression format. This model aims to - :

optimize the encoding process by focusing on - H ﬁ?’é&?ﬁ-] :.:

the parts of the audio that are most important |02 Foints Mogsl_

to the human ear, and minimizing the parts

that the ear is less likely to perceive, thus

enabling efficient compression without significant loss of perceived audio quality. Here's a complete description of
the model using the information provided in the slides:
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1. Spectral Analysis and SPL Normalization: the model starts by conducting a spectral analysis to estimate the high-
resolution spectrum of the input signal. This analysis breaks down the complex audio signal into its constituent
frequencies (spectral components, expressed in SPL). The operation in order are:

a. The SPL of the input signal is normalized to standardize the spectrum levels across different recordings,
ensuring consistent encoding.

b. The audio input is divided into 12-ms frames (with 512 samples each) using a Hann window that overlaps by
1/16th of the frame. This technique captures the temporal changes in the audio signal.

c. The Power Spectral Density (PSD) of each time frame is obtained using a Fast Fourier Transform (FFT). The
Power Spectral Density (PSD) provides a detailed view of where the signal's power is distributed across
different frequencies.

2. Identification of Tonal and Noise Maskers: the identification of tonal and noise maskers is a crucial step for
encoding audio data efficiently while maintaining perceived quality. Here's a more detailed explanation of this step:

e Tonal maskers are identified In the PSD by finding peaks or local maxima. These are points where the power
at a specific frequency is significantly higher than the power in nearby frequencies. A local maximum is
considered a tonal masker if it is at least 7 decibels (dB) louder than its neighboring frequencies within a
certain range measured on the Bark scale, which is a psychoacoustic scale that approximates the frequency
resolution of human hearing.

e After tonal maskers are identified, the remaining spectral lines are examined to identify noise maskers.
Noise maskers are identified in regions where there are no prominent tonal components. These areas may



not have distinct peaks in the PSD, but they can still have enough energy to mask other sounds within their
critical band. Any spectral energy that doesn't fall within the neighborhood of a tonal masker is considered
as part of a noise masker. Essentially, if it's not a distinct tone (tonal masker), but it's still carrying energy, it's
classified as noise.

3. Decimation and Reorganization of Maskers: The process of decimation and reorganization of maskers in the
MPEG-1 psychoacoustic model involves simplifying the number of maskers to optimize the encoding process by
focusing on sounds that significantly impact perceived audio quality.The model simplifies the number of maskers
using two criteria:

1. Discarding Inaudible Maskers: Maskers below the absolute threshold of hearing (minimum loudness level
that the average human ear can perceive) are discarded.

2. Comparing and Merging Maskers: The Bark scale is used to group frequencies into critical bands that
correspond to the auditory resolution of the human ear. A sliding window 0.5 Bark wide is moved across
the spectrum, comparing the strength of maskers that are close to each other in frequency. Within each
window, if two maskers are identified, the quieter one (the one with lower energy) is discarded, and only
the stronger masker is retained. This is because, within a critical band, the stronger sound can mask the
weaker one, rendering the weaker sound inaudible. Thus, there’s no need to encode the weaker sound with
as much detail.

This process essentially filters out unnecessary information that does not significantly contribute to the perceived
audio quality.

4. Calculation of Individual Masking Thresholds: After the model has identified and simplified the set of maskers
(both tonal and noise maskers), it then proceeds to calculate the individual masking thresholds. For each masker
identified, the model calculates a threshold of audibility. This threshold represents the sound level below which
other sounds will become inaudible when masked by this particular masker. It's a limit below which any additional
sound energy in the same critical band will not be perceived by the average human ear. By knowing the individual
masking thresholds, the encoder can determine how much it can
reduce the bit rate at certain frequencies without the listener
noticing a change in quality. Sounds that are below their |

respective masking threshold will not be encoded with as many T | e
bits because the differences would be inaudible under the mask of
louder sounds.
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5. Calculation of Global Masking Thresholds: After determining L
the individual masking thresholds for each masker in the signal, -
the next step is to combine these thresholds to understand the
overall masking effect across the audio spectrum. The model
treats the masking effects as additive, which means it assumes
that the presence of multiple maskers can cumulatively increase
the masking effect within a given critical band. These combined
effects are used to create a global masking threshold for each frequency bin. A frequency bin is a small range of

Frequency
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frequencies, and the entire spectrum is divided into many such bins. The global masking threshold for a frequency
bin is the sound level below which a tone would be inaudible due to the masking effects of all the maskers affecting
that bin.

The global masking thresholds are used to guide the allocation of bits during the encoding process. They help
determine the maximum level of quantization noise that can be added to each frequency bin without the noise
being noticeable. By setting the quantization noise level just below the global masking threshold, the encoding
process ensures that the noise introduced is imperceptible, thus maintaining the quality of the audio as perceived by
the listener.



7.5 FILTER BANKS

Filter banks are fundamental components in digital signal processing, particularly in the field of audio coding. They
are used to analyze signals in both the time and frequency domains, which is crucial for many forms of audio
compression.

A filter bank typically consists of a series of band-pass filters that divide the input signal into multiple components,
each one representing a specific portion of the frequency spectrum. This process is essential for codecs that utilize
perceptual coding techniques because it allows them to allocate bits more efficiently based on the psychoacoustic

model.
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The choice of an appropriate filter bank is critical to the success of a perceptual audio coder: it’s necessary to find
the trade-off between temporal resolution and frequency resolution. In fact, no single temporal/frequency
resolution trade-off is optimal for all signals:

e In Stationary Harmonic Signals, where the frequency content does not change over time (es. a sustained
note from a musical instrument) high frequency resolution is important because you want to capture the
harmonic content very accurately.

e In Impulse-Like Signals, that have a short duration and are often of high amplitude (es. a drum hit) high
temporal resolution is necessary to accurately capture the rapid changes over time.

7.5.1 Filter Banks Requirements
A number of bank characteristics are highly desirable for filter banks used in audio coding:

e Signal adaptive time-frequency tiling: This refers to the filter bank's ability to adapt to the signal's
characteristics. For example, it might switch between a low number of bands (e.g., 32) for signals that
require more temporal resolution and a high number of bands (e.g., 512) for signals that require more
frequency resolution. This adaptability helps to optimize the encoding for different types of audio content.

e Good channel separation: The filter bank should be able to isolate the bands well so that there is minimal
leakage of audio information between them. Good channel separation ensures that the manipulation of one
frequency band does not inadvertently affect adjacent bands.

e Strong stopband attenuation: The filter bank should significantly reduce (attenuate) the signal in the
stopband regions—frequencies outside the intended passband of each filter. This means that each filter
effectively blocks out frequencies it is not responsible for, preventing them from interfering with the
analysis.

e Perfect reconstruction (lossless): After the signal has been split into different bands, processed, and then
recombined, the filter bank should be able to perfectly reconstruct the original signal. This characteristic is
essential for codecs that require a lossless format, or for applications where high fidelity is critical.

e Critical sampling: This means that the filter bank samples the signal at the Nyquist rate, which is the
minimum rate at which the signal can be sampled without introducing aliasing (distortion from
undersampling). Critical sampling is efficient because it uses the minimum number of samples necessary to
accurately represent the signal.

e Availability of fast algorithms: The implementation of the filter bank should be computationally efficient,
with fast algorithms that can process the audio in real-time or near real-time, which is essential for many
applications such as streaming audio.



7.6  FILTER BANK FAMILIES

7.6.1 Pseudo-Quadrature Mirror Filter (PQMF) filter banks
Pseudo-Quadrature Mirror Filter (PQMF) banks are a type of filter bank used in digital signal processing, specifically
in audio coding standards like MPEG-1/2.

They are designed to perform a critical function: breaking down the audio signal into narrower bands for more
detailed processing.

In a PQMF filter bank, each individual channel filter is derived from a single prototype filter through a process called
modulation. Here's a more detailed explanation of how this works:

e Prototype Filter h(n): This is the original low-pass filter from which all channel filters are derived. It's
designed to allow frequencies below a certain cutoff while blocking higher frequencies. The length of this
filter, denoted by N, determines how sharp the cutoff is between the passed and blocked frequencies.

¢ Modulation Process: To create the different channel filters hy(n) from the prototype filter, modulation is
applied. Modulation in this context involves altering the prototype filter so that it can pass a different range
of frequencies. For a filter bank with K channels, k would vary from 0 to K — 1. Each value of k resultsin a
different modulation of the prototype filter, shifting its passband to a new range of frequencies.

e Cosine Modulation: The actual modulation involves multiplying h(n) by a cosine function. The frequency of
this cosine is determined by k, K, and N. This multiplication shifts the frequency response of the prototype
filter up and down the frequency spectrum, creating band-pass filters centered around different frequencies.

The filter bank generates 2K copies of the prototype filter’s frequency response to cover the full range of frequencies
in the signal. This extensive coverage is necessary to ensure that all parts of the audio signal are analyzed and
encoded.

The PQMF banks approximates the analysis and synthesis process of signals but do not achieve perfect
reconstruction. This means that when the signal is split into its component parts (sub-bands) and then recombined,
the output is not an exact replica of the original input; there will be some degree of distortion or error. Despite this
imperfection, PQMF perform well enough that the distortion is typically below the threshold of perception for
human listeners, especially in the context of audio coding for music and speech, where they are commonly used.
This is why PQMF banks are utilized in widely adopted standards like MPEG-1 and MPEG-2, where the trade-off
between computational efficiency and the quality of signal reconstruction is acceptable for the purposes of audio
encoding.

7.6.2 Modified Discrete Cosine Transform (MDCT)

The Modified Discrete Cosine Transform (MDCT) is a transformation technique widely used in audio signal
processing, especially for audio compression algorithms like MP3 and AAC. It has several properties that make it
well-suited for these applications:

e Perfect Reconstruction: Unlike many other transformation methods used in signal processing, the MDCT has
the property of perfect reconstruction. This means that, in theory, you can reconstruct the original signal
perfectly from the MDCT coefficients without any loss of information. This is ideal for high-fidelity audio
applications where quality is paramount.



¢ No Blocking Artifacts: The MDCT is designed to avoid blocking artifacts. These are the discontinuities that
can occur at the borders between successive blocks of

data when they are processed independently, which is 2 !
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common in other block-based transformations. The
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out these transitions, making the artifacts less
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risk of blocking artifacts. Despite the overlapping, the . .
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MDCT is critically sampled. This means that the
transform does not increase the number of samples; it
maintains the same rate. For each block of 2M samples,
the MDCT produces exactly M coefficients. This efficient sampling ensures that the MDCT is not expanding
the data, which is crucial for data compression applications.

Figure 44

e Fast Algorithms: The MDCT can be efficiently implemented using algorithms that are based on the Fast
Fourier Transform (FFT), which is a highly optimized process for computing transformations.

e Signal-Adaptive: The MDCT can be made signal-adaptive, meaning it can adjust its processing based on the
characteristics of the input signal. This allows for more efficient coding by adapting to the signal's temporal
and spectral content.

7.6.2.1 Transform Coefficients

The forward MDCT takes an input block of audio samples, x(n), and computes the transform coefficients, X (k). This
operation is defined by the equation: X (k) = Y¥-! x(n) * hj(n). Here, hy (n) represents the basis functions of the
MDCT, which are derived from windowed sines and cosines. The index k ranges from 0 to M — 1, corresponding to
each coefficient in the block of M samples.

The transform coefficients generated by the MDCT are what get quantized and encoded in an audio compression
algorithm. The process of quantization and coding is guided by perceptual models, which attempt to preserve the
parts of the signal most important to human hearing while allowing for the discarding of parts that are less likely to
be noticed.

7.6.2.2 Reconstructed Samples

The inverse MDCT uses the transform coefficients, X (k), to reconstruct the original audio samples, x(n), with the
equation: Y¥Z2[X (k) * hy(n) + X' (k) * hy(n + M)]. This equation ensures that the original block of samples can
be perfectly reconstructed from the MDCT coefficients, provided the overlapping blocks are handled correctly.

For the MDCT to achieve perfect reconstruction, certain conditions must be met regarding the window function
w(n). These conditions ensure that the sum of the squared window function over two consecutive blocks (adding up
the energy contribution from both blocks at each point in time) is equal to 1, which is a requirement for preventing
aliasing and ensuring that the overlap-add process results in a perfect reconstruction of the original signal.

7.6.3  Adaptive Filter Banks
Adaptive filter banks are a sophisticated technology used in signal

processing to dynamically alter the time-frequency analysis of RN / \

signals, particularly in audio encoding. Unlike traditional filter i

a) normal window b) start window

banks, which have a fixed time/frequency decomposition,
adaptive filter banks can adjust the resolution of this ~
decomposition over time to suit the varying characteristics of the / \ /
input signal. The decision to change the window length is driven T -'
by a perceptual model, which takes into account how humans

hear and process audio. The perceptual model determines Figure 45
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whether the signal at a given moment requires better time resolution or frequency resolution. The adaptive system
switches between different window lengths:

e Along window is used for stationary signals where frequency resolution is more important.
e Ashort window is used when the signal has transient elements, and increased time resolution is required.

e Start and stop windows are special windows used to transition between long and short windows smoothly,
ensuring no sudden jumps or artifacts are introduced during the switch.

7.6.4 Hybrid filter Banks

- . . . — 1) —
Hybrid filter banks combine different types of filter ! — ;
ybnd _ yp  x L—V— voeT B
banks in a cascade, meaning one after the other. S o — X, — 5§ | -
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In the hybrid filter bank system, the approach begins S |y T llUL _;:i -
with a polyphase filter bank. This stage is responsible > “3 1 — x. | 21 Ll
. . . . . 0 35 o |
for breaking down the audio signal into multiple bands, Ed c
which allows for initial frequency separation. Each band & i'(‘*) n _g
is then processed further for more detailed frequency g v (VDoT & )5'553 Ll —
analysis. L | X | T

The MDCT plays a critical role in this detailed analysis
by providing a finer frequency resolution. This is where
the hybrid nature of the filter bank shines, as it
combines the polyphase filter bank's broad initial separation with the MDCT's precise spectral analysis.

Figure 46

By employing window switching techniques, the filter bank can dynamically adjust the MDCT's window length. The
perceptual model drives this adaptive process. It intelligently decides when to switch between long and short
windows, optimizing the codec's performance based on the psychoacoustic properties of human hearing. This
ensures that the audio is encoded in a way that preserves the most critical auditory details while allowing for
efficient data compression.

Despite the sophistication and benefits that hybrid filter banks bring to audio encoding—allowing for variable
frequency resolutions and adaptively switching to accommodate the signal's nature—their complexity is a notable
drawback. Implementing such systems requires advanced algorithms and can be computationally intensive.

7.7 QUANTIZATION IN AuDIO CODING

Quantization is the process of mapping a large set of input values to a smaller set. In the context of audio coding, it
involves reducing the precision of the signal's representation by mapping continuous amplitude values to a limited
number of levels. This is a lossy process, meaning that some of the signal's precision is lost, but if done carefully, it
can significantly reduce the amount of data required to store or transmit the audio without noticeably affecting the
perceived quality. Most systems apply uniform quantization, where each step size between quantized levels is the
same across the entire range. However, some systems, like MPEG-1 and MPEG-2 Audio, use non-uniform
quantization following a power law, which may allocate more levels to certain ranges of amplitudes based on their
auditory importance.

In non-uniform quantization, a crucial process is the Bit allocation, described in the next paragraph.

7.7.1 Bit Allocation

The process of bit allocation is crucial in determining how many bits are assigned to each part of the signal. This is
typically done before quantization and can be based on data statistics or a perceptual model. The perceptual model
assesses which parts of the audio are more important to the listener and allocates more bits to those parts, ensuring
that the most audible parts of the signal are encoded with the highest precision.

There are two approaches to bit allocation:



1. Direct Structure (Bit Allocation): This method involves strategizing how to distribute a finite number of bits
among various components of an audio signal before the quantization process begins. The allocation is
guided by a perceptual model, a sophisticated framework that simulates the way human ears perceive
sound. The model identifies which parts of the audio spectrum are most sensitive to the ear and allocates
more bits to these areas, since any distortion or noise in these regions would be most noticeable to listeners.
Conversely, fewer bits are allocated to parts of the spectrum that are less audible, thus optimizing the
overall perceived audio quality. This is a proactive approach, as it anticipates the perceptual impact of
guantization before it happens.

2. Indirect Structure (Noise Allocation): Contrary to the direct structure, the indirect structure first quantizes
the data and then assesses how the quantization has affected the signal, particularly in terms of the noise
introduced by quantization. After this initial quantization, the algorithm adjusts the number of bits allocated
to different components based on the amount of noise each component has and how perceptible that noise
would be according to a perceptual model. The aim is to mask the quantization noise, keeping it below the
thresholds at which the human ear would detect it, known as the masking thresholds.

7.8 ENTROPY CODING IN AUuDIO CODING

Entropy coding is a method of lossless compression that involves encoding the quantized values in a way that
reduces the number of bits required to represent them. It takes advantage of the statistical distribution of the
guantized values, assigning shorter codes to more frequent values and longer codes to less frequent ones. Huffman
coding and arithmetic coding are two common entropy coding techniques.



8 IMAGE CODING

Image coding is the process of converting an image into a digital format that can be efficiently stored or transmitted
by sampling, quantizing, transforming, compressing, and encoding the visual information into a compact binary
form. This allows for the reduction of file size while maintaining image quality, facilitating easy storage and
transmission.

8.1 DIGITAL IMAGES

A digital image is a two-dimensional array of samples denoted by x[n1,n2], where n1 and n2 are spatial coordinates
within the image dimensions N1 and N2, respectively. This array represents the pixel values across the image's
width and height.

The pixel values in a digital image are obtained through the quantization of real-valued images. This process involves
scaling the real-valued intensities (x'[n1,7n2] in the range [0, 1] or [-1/2,+1/2]) by 28 and then rounding to the
nearest integer to produce quantized pixel values. Here, B represents the number of bits used per pixel, and the
rounding operator is applied to each value. Digital images use a finite number of bits (B) to represent each pixel
value. There are two types:

e Unsigned B-bit imagery: Pixel values range from 0 to 2% — 1.
o Signed B-bit imagery: Pixel values range from —28~1t0 2B8-1 — 1.

Typically, B = 8 for standard images, but higher values of B may be used for increased dynamic range in applications
like medical imaging, military, or scientific purposes.

For color images, each pixel is typically represented by three values corresponding to the red, green, and blue (RGB)
components (x_R[n1,n2],x_G[n1,n2], x_B[n1,n2]). This allows for the representation of a wide range of colors
through the combination of these primary colors.

8.2 LosSLESS CODING IN DIGITAL IMAGES

Lossless coding in digital images is a method of data compression designed to minimize the number of bits required
to represent an image while ensuring that there is no loss of information. This means that every single bit of data (all
B bits) in the original image sample can be perfectly reconstructed from the compressed image data.

The compression achieved through lossless coding is typically limited compared to lossy compression, as it does not
discard any information. Lossless coding is essential in applications where the exact original data is required, such as:

e Binary images (facsimile), where only two possible values are present for each pixel, typically used in
scanned documents.

e Medical images, where the precise details are crucial for diagnosis and any loss of data can be unacceptable.

e Master copies of images that will be edited later, as loss of detail could compound through editing
processes.

In these scenarios, the integrity of the original image is of utmost importance, and lossless coding ensures that the
original and the decompressed images are bit-for-bit identical.

8.3 Lossy CODING IN DIGITAL IMAGES

Lossy coding in image coding is a compression technique that allows for a reduction in the number of bits required to
store or transmit digital images at the cost of some loss of information, leading to a deviation or distortion from the
original image. This distortion can be acceptable because the human visual system may not perceive the loss or may
tolerate it, and because the digital representation of real-world scenes is often an imperfect approximation to begin
with.

The extent of the distortion introduced by lossy coding can be quantified using metrics such as:
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Lossy compression is especially effective for natural images and motion video, where much higher compression
ratios can be achieved compared to lossless coding. Common formats that use lossy compression include JPEG for
images and MPEG for videos.

Typical bitrates after lossy compression depend on the content of the image and the desired quality level, with
higher quality requiring more bits per pixel and lower quality allowing fewer bits per pixel. For example, a high-
quality lossy compressed image may have a bitrate of 1 bpp, a moderate quality image may have 0.5 bpp, and a
usable quality image may have 0.25 bpp. These bitrates are substantially lower than what is typically achieved with
lossless compression.

8.4 REDUNDANCY AND IRRELEVANCY
Compression techniques work by exploiting statistical redundancy and introducing acceptable deviation using visual
irrelevancy.

8.4.1 Statistical Redundancy

Statistical Redundancy refers to the presence of patterns and structures in the image data that can be used to
represent the image more efficiently. Redundancy can be seen in the repetition of pixel values or colour patterns
within an image. For example, in a picture of the sky, large areas might be a similar shade of blue.

Statistical redundancy is related to the predictability of pixel values. If pixel values are not equally likely, or if there is
a correlation between adjacent pixel values, then the image contains statistical redundancy that can be exploited for
compression. For example, adjacent pixels in an image often have similar or identical values, which means the
information can be compressed by encoding the differences rather than the absolute values. The joint entropy of
two adjacent pixels will generally be less than the sum of their individual entropies, allowing for a more efficient
representation (entropy is a measure of the unpredictability or complexity of the data. An image with lower entropy
can be compressed more because it has more predictability or less complexity).

By converting from RGB to a Y, C, color space, the statistical redundancy can be exploited more effectively as it
often reduces the correlation between the color channels, thereby reducing the overall entropy of the image
components.

Lossless coding utilizes only statistical redundancy by encoding the image data in a way that all original pixel
values can be perfectly reconstructed.

8.4.2 Visual Irrelevancy

Visual Irrelevancy refers to the data within an image that can be omitted without significant loss of perceived image
quality. This concept is based on the limitations of human vision, such as the inability to perceive certain frequencies
of colour or brightness variations. The human visual system is less sensitive to colour hue and saturation changes
than to brightness variations. This is why colour space transformations are often used in compression to separate
luminance (brightness) information from chrominance (color) information.
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irrelevancy to achieve better compression rates.

843 RGB - YCyC, conversion in MATLAB

%% Y(C.C, conversion.

= double(x); % Convert to double precision to avoid errors.

= x(:,:,1);

= x(:,:,2);

X(:,:,3);

YCrCb matrix = [0.299,0.587,0.114;-0.169,-0.331,0.5;0.5,-0.419,-0.0813];
Y = YCrCb matrix(l,1)*R + YCrCb matrix(1l,2)*G + YCrCb matrix(l,3)*B;

Cr YCrCb matrix(2,1)*R + YCrCb matrix(2,2)*G + YCrCb matrix(2,3)*B;

Cb YCrCb matrix(3,1)*R + YCrCb matrix(3,2)*G + YCrCb matrix (3, 3) *B;

(oSl > oI
I

8.5 |IMAGE COMPRESSION SYSTEMS

Most of the image coding scheme known in the literature, including the standards JPEG and JPEG2000 follow the

architecture shown in figure 48.

1. Transform T(x): The original image

X is first passe d through a image x transform samples y quantizer indices q encoder | bit-stream ¢
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as the frequency domain. This step
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is usually reversible (invertible),

meaning the original image can be reconstructed from these coefficients without loss if no further steps

introduce irreversibility. Common transforms include the Discrete Cosine Transform (DCT), used in JPEG

compression. The transform helps to deal with inter-pixel redundancy by concentrating the image's energy

into fewer coefficients, which are easier to compress.

2. Quantization Q(y): The samples y from the transform are then quantized using a quantization function Q.
This process maps the continuous or large set of values into a smaller set, which can be represented with

fewer bits. Quantization is not invertible; it introduces distortion because it approximates the transform

coefficients, effectively reducing the precision of the image representation. This step is used only in lossy
compression and exploits visual irrelevance by discarding information that is less important to human vision.

3. Entropy Coding C(q): After quantization, the indices g (the output of the quantization step) are further

compressed using an entropy coding function C. Entropy coding is a reversible process that encodes the

guantized values into a bit-stream c in a way that commonly occurring values use fewer bits and less
common ones use more bits. This step takes advantage of statistical redundancy within the quantized



values. The goal is to reduce the number of bits needed to represent each quantized value, therefore
compressing the image data.

4. Decoding Process C‘l(c): To reconstruct the image, the compressed bit-stream c is passed through the
decoder C™1, which is the inverse of the entropy coding function. The output g is then dequantized by the
dequantizer Q! to approximate the original transform coefficients y. Finally, the inverse transform T~ is
applied to the dequantized coefficients J to produce the reconstructed image X.

8.6 2D TRANSFORMS IN IMAGE CODING

In image coding, 2D transforms are mathematical operations applied to the two-dimensional array of an image's
pixel values to transform the image from its spatial domain (where the values represent pixel intensities at specific
coordinates) into a different domain, often the frequency domain. This transformation process facilitates the
compression of the image by enabling the algorithm to operate on the image data more efficiently.

The forward 2D transform T (k4, k,) is applied to the original image x[n;,n,] of size N; * N, . The transform
function generates a two-dimensional array of samples y, which represents the image in the transformed domain.

The forward 2D transform can be expressed through the general equation:

Ni—1Nz-1 T (ky, k) is the frequency — domain image.
T(ky, ky) = Z Z x[nq,ny] * g(ny, ny, kq, k) where x[ny, n,] is the original space — domain image.
n1=0 13=0 g(ny,ny, kq, ky) is the function that maps [ny, n,] to (kq, k).

The inverse transform used to reconstruct the image from the transformed coefficients is:

Ny—1Nz-1 T(k,, k) is the frequency — domain image.
x(ny,ny) = Z Z Tlkq, k3] * h(ny,ny, kq, k;) where x[nq,n,] is the original space — domain image.
k1=0 kz=0 h(nq,n,, kq, k;)is the function that maps (k, k,) to [ny,n,] .

8.6.1 2D Transforms Properties

8.6.1.1 Symmetry
A transform is symmetric if the two-dimensional basis function is the product of the same one-dimensional function
in both dimensions:

g(n1; ny, kll kZ) = gl(nl' kl) * gl(nZ! kZ)
This symmetry can further simplify the computation and the implementation of the transform.

In the next paragraphs we will analyse the most common type of transforms.

8.6.1.2 Separability
A 2D transform is separable if the basis function g(n,, n,, k,, k;) can be written as the product of two one-
dimensional functions:

g(nlanl kl' k2) = gl(nll kl) * gz(nZ' kZ)

This property is beneficial because it allows the 2D transform to be computed as two successive 1D transforms,
which can significantly reduce the computational complexity.

2D separable transforms can be conveniently expressed in matrix form. In this way, the transformation ofan N X N
block of an image can be represented as

x is the NxN matrix representing the time domain input signal.
y = A *x x AT where y is the NxN matrix representing the freq. domain signal.
A is the matrix of size NxN that contains the basis function of the transform.

and the inverse transformation becomes: x = AT xy * A.

Since A is orthonormal, the inverse transform matrix is simply the transpose of 4, leading to the inverse operation.



By using separable transforms, the complexity of the NxN block o’\f’::‘;n':';‘:;
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significant in image processing, especially for large
images or real-time applications.

8.6.2 Two important 2D Transforms: DFT and DCT
The Discrete Fourier Transform (DFT) and the Discrete Cosine Transform (DCT) are two common transforms used in
the field of image processing, particularly for image compression.

8.6.2.1 Discrete Fourier Transform (DFT)
The DFT is used to analyze the frequency content of signals, including images. For a two-dimensional signal (like an
image), the 2D DFT basis function g is given by the formula:

n,; and n, are spatial domain indices.
gny,ny, ki, ky) = e —xe > where { k; and k, are frequency domain indices.
1 2 N;and N, are the image block dimensions.

_j*lzv_n*nl*kl —j*lzv—::*nz*k

The DFT transforms the spatial domain signal into the frequency domain, representing the image as a sum of
sinusoids of varying magnitudes, frequencies, and phases. This transform is complex-valued and contains both real
and imaginary parts, which represent the amplitude and phase of the frequency components.

The inverse 2D DFT uses a similar formula but with a positive exponent, allowing the original image to be

. 2T . 2T
. . *—*MN 4 ¥ K — Jx—% *k
reconstructed from its frequency representation: h(ny, ny, ky, k,) = e’ M1 5 7T N2
8.6.2.2 Discrete Cosine Transform (DCT)
The DCT is similar to the DFT but uses only cosine functions. It's particularly well-suited for image compression due

to its ability to pack most of the signal's energy into a small number of coefficients. The 2D DCT is expressed as:

2*ny+1)*smxky 2*ny, +1)xmxk,
* a(k,) * cos

gny,ny, ky, ky) = h(ng,ny, kq, ky) = aky) * COS< 2+ N, 2+ N,

Where a(k) is a scaling factor that equals \/% when k = 0 and \/% fork =1,...,N — 1. This ensures that the

transform matrix is orthonormal. The DCT is real-valued, making it more suitable for images that have real-valued
pixels.

8.6.2.3 DFTvs. DCT
The DCT is often preferred over the DFT for image coding for several reasons:

e The DCT transforms real pixel values into real coefficients, which is computationally simpler and more
intuitive to work with when dealing with images that have real-valued intensities.
e The DCT avoids the boundary artifacts that can be introduced by the DFT.

In the DFT, the image is conceptually repeated across its boundaries,
leading to discontinuities at the edges, which can manifest as ringing

artifacts in the spatial domain. The DCT, by contrast, assumes the signal is ‘ !
even around the boundaries, which often leads to better visual results. ! !
The choice of transform affects the coding gain, which is a measure of how well Figure 50

the transform can compact the energy of the signal. A higher coding gain means
more of the image's energy is concentrated in fewer coefficients, which is desirable for compression. The DCT is

|
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known for its high coding gain, especially for signals with high spatial correlation like images. This is why it's widely
used in standards like JPEG.



8.6.3 DCT for Image Coding in MATLAB

%% First luminance’s block 8 x 8 DCT coefficients.
Y crop = Y(1:8, 1:8); % isolate the first block.

N = 8;

% Initialize the DCT transformation matrix.

1 = 1:N;

k=1";

T = sqrt(1/N) *cos (pi/ (2*N)* (k=-1)* (2*1-1));

T(2:end, :)=T(2:end, :) *sqgrt (2);
transf block = T * Y crop * T';

%% Visualize the 2D-DCT transform basis.

Subplot position counter = 1;
basis = zeros(size (Y crop));
for i = 1 : N SN = dimension of NxN blocks.
for j =1 : N
basis = T(i,:)"*T(3,:):;

subplot (N, N, counter) ;
imagesc (basis) ;
counter = counter+l;
end
end

8.6.4 Choice of Block Size

When applying transforms like the DCT, images are typically partitioned into smaller, non-overlapping blocks. These
blocks are processed independently. The size of these blocks is a significant factor in the design of a compression
algorithm because it influences the trade-off between efficiency and complexity.

Advantages of Larger Blocks: Larger blocks can lead to decreased blocking artifacts. This is because using larger
blocks can help in achieving smoother transitions between them (blocking artifacts are the visible boundaries that
can appear between blocks when an image is compressed at high ratios and then decompressed). A larger block size
can result in increased coding gain, which is the concentration of the image's energy into a smaller number of
coefficients. This is beneficial for compression, as it can lead to more significant reductions in data size while
maintaining the integrity of the image's visual information.

Disadvantages of Larger Blocks: However, increasing the block size also increases computational complexity. Larger
blocks require more calculations for both the forward and inverse transform, which means more processing time
and potentially greater resource usage, especially in hardware-limited environments.

8.6.5 Quantization of the Transform Coefficients

Quantization allows the transform coefficients to be represented with a finite number of bits. This reduces the
amount of data required to store each coefficient, contributing to the compression of the image. As a result of
guantization, some of the coefficients are approximated, or "coarsely reconstructed,” while others may be set to
zero. This means that less important information (often high-frequency details) is discarded, which can lead to a loss
of some image detail. Effective quantization requires understanding the statistical distribution of the transform
coefficients For example, with the DCT, coefficients are mostly uncorrelated, which allows for each coefficient to be
guantized independently:

e The DC coefficient (the first coefficient in a DCT block, representing the average color) is typically uniformly
distributed.

e The AC coefficients (all other coefficients, representing changes in pixel values) tend to follow a Laplacian
probability density function. This knowledge is used to design quantization tables that more heavily quantize
coefficients with a distribution indicating they have less visual impact.



8.7 ZONAL CODING

Zonal coding is a technique used in image compression, particularly following a transformation like the Discrete
Cosine Transform (DCT). The method involves selectively encoding transform coefficients based on their importance
to the overall image quality.

Here's a detailed explanation of zonal coding:

e A Priori Decision on Coefficients: Zonal coding
operates on the principle of deciding in advance ("a
priori") which DCT coefficients are significant enough
to be encoded. This decision is typically based on the
expected visual impact of each coefficient. 313 |3
Coefficients that contribute more to the perceived ololololololololl2alal1l1l1lolalo
image quality are prioritized for encoding. The olololololololollilililelololola
importance of each coefficient is estimated by olololololololollolo]lole]lolo]ala
calculating its variance. A higher variance for a
coefficient means that it has a more significant Figure: Zonal coding. Left: zonal mask. Right: bit allocation

impact on the image's content and should therefore
be preserved in the encoding process.

e Zonal Mask: A zonal mask is used to determine which coefficients are encoded. This mask is essentially a
pattern or map that indicates which parts of the DCT block are more important. The mask is designed based
on the understanding that lower-frequency coefficients (usually found in the upper-left corner of the DCT
block) are generally more important for image reconstruction, while higher-frequency coefficients (toward
the bottom-right) can often be discarded without substantially affecting image quality.

e Bit Allocation Mask: A bit allocation mask is also employed, which specifies the number of bits allocated to
each DCT coefficient that is deemed important enough to be encoded. The allocation of bits is not uniform;
more bits are given to coefficients with higher variance, as they are more important for accurately
representing the image.

Figure 51

The entire process of zonal coding, including the design of the zonal and bit allocation masks, depends on the
estimated variances of the DCT coefficients. Coefficients with higher variances are allocated more bits, and the zonal
mask is created to cover areas with these significant coefficients.

8.8 THRESHOLD CODING
Threshold coding is an adaptive image compression technique designed to address some limitations of zonal coding
by determining which DCT coefficients to encode based on a threshold.

Limitations of Zonal Coding

Zonal coding uses a fixed mask to encode certain coefficients across all image blocks, making it a non-adaptive
approach that relies on statistics collected during an offline training process. This means that zonal coding treats all
image blocks with the same importance across the entire image, which can be inefficient for images with varying
content.

How Threshold Coding addresses these limitations

Threshold coding enhances these limitations by being adaptive. It determines whether to encode each DCT
coefficient based on if it exceeds a certain threshold. This approach adjusts to the image content dynamically,
allowing for more flexibility in encoding.

Here is a step-by-step explanation of how threshold coding works:

1. Uniform Scalar Quantization: All DCT coefficients are initially quantized uniformly, meaning they are all divided
by a fixed quantization step size. This step size is typically determined by a quantization matrix which can assign
different step sizes to different coefficients, depending on their importance to image quality. The quantization
process effectively reduces the precision of the coefficients, which is a form of lossy compression.



Threshold Application: A threshold is set to determine the significance level of the DCT coefficients. If a
coefficient's absolute value is below this threshold, it is considered insignificant to the overall image quality and
is set to zero. This step reduces the number of coefficients that need to be encoded, thereby reducing the
amount of data that will be stored or transmitted.

Recording Non-Zero Coefficients: The positions (coordinates) of the non-zero coefficients are recorded. This
step is crucial because, during the decompression phase, the decoder needs to know where to place these non-
zero coefficients within the DCT block. Along with their positions, the amplitude values of the non-zero
coefficients are also kept for the reconstruction of the image.

Quantization Index Calculation: For each non-zero DCT coefficient, a quantization index is computed. This index
is derived by dividing the coefficient's value by the product of a global quantization parameter and the value
from the quantization matrix corresponding to that coefficient. The result is then rounded to the nearest integer.
This index will be used during the encoding process to represent the coefficient's value in a compressed form.

Quantization Matrix Adjustment: The quantization matrix, which controls the step sizes for different
coefficients, can be adjusted to fine-tune the compression. For example, higher quantization steps can be used
for coefficients that the human eye is less sensitive to (typically high-frequency components), and lower steps
for more visually significant components (low-frequency components). This part of the process can incorporate
psychovisual considerations, acknowledging that the human visual system is more sensitive to quantization noise
at low frequencies. Therefore, less quantization (smaller step sizes) is applied to low-frequency coefficients to
maintain image quality.

8.9 JPEG

The JPEG algorithm is a widely used method for digital image compression. The algorithm involves several steps to
efficiently compress images. Here is a detailed description of the JPEG compression algorithm:

1. Prepare the image: The JPEG
compression process starts by
preparing the input image data:

DC Huffman
tables

dc quantization indices

= >

. i i bit
e Colorspace Conversion: The ‘ Bl e —
. . Level 8x8 uniform || coding
image is converted from the > . > scalar
input offset DCT quantization
RGB colorspace to the Y, C, image :

. Zig-zag + Run-level >
colorspace. This step separates scan coding - bits
the image into a luminance Ao qRAIon fckose J
component (Y) and two Quantization

. tables AC Huffman
chrominance components (Cp, tables
and C,.). The Y component Figure 52

represents the brightness levels
in the image, while C}, and C,. represent the colour information.

e Level Offset: If the image is quantized using B bits, an offset equal to
pixel value of each colour matrix (Y, C,., Cp). This step is known as level shifting and is done to center
the pixel values around zero, which is necessary for the subsequent DCT process.

e Subsampling of Chrominance Components: The C;, and C,, components are often subsampled
because the human eye is less sensitive to fine color details than to fine brightness details.
Subsampling reduces the resolution of the chrominance information, which contributes to the
compression process.

2. Partitioning and DCT: Each colour matrix is then partitioned into four non-overlapping 8x8 blocks. For each
block, the DCT (Discrete Cosine Transform) is applied, which converts the spatial domain data into
frequency domain data.

3. Threshold Quantization: Each DCT coefficient is quantized using a uniform scalar quantizer. This involves
using quantization matrices that define how much each coefficient should be scaled down. The
guantization matrices can vary for different colour components, and they are designed to be more
aggressive for higher frequency components which are less visually significant.

2B8-1is subtracted from each



4. Coding: this step is different for DC and AC coefficients:

e DC coefficients: For the DC coefficient (the first coefficient in each block, which represents the
average colour of the block), Differential Coding is used. The DC coefficient of each block is encoded
as the difference from the previous block's DC coefficient, a method known as Differential Pulse Code
Modulation (DPCM).

e AC Coefficients: The AC coefficients (all other coefficients in the block) are ordered in a zig-zag
sequence to group non-zero coefficients together. This scanning order prioritizes lower-frequency
components over higher-frequency ones. After the zig-zag scan, the AC coefficients are run-level
encoded, which combines the sequence of coefficients with a scheme that encodes the length of runs
of zeros for further compression.

5. Variable Length Coding (VLC): The VLC (Variable Length Coding) blocks apply the Huffman tables to the DC

and AC quantization indices. VLC is a statistical coding method that assigns shorter codes to more frequent
sequences, which results in compressed bitstreams for both DC and AC components.

8.10 JPEG MATLAB IMPLEMENTATION

8.10.1 JPEG compression (DCT)

%% JPEG compression (DCT) of the luminance component.

B = 8;
load('Qjpeg.mat'); % (NxN matrix indicating coeff. quantizing precision).
s factor = 1; % factor that increase/reduce the amount of quantization.

quant matrix = QJPEG.* s factor;

% 1) Split the image in YCrCb format.

= YCrCb matrix(l,1)*R + YCrCb matrix(1l,1)*G + YCrCb matrix(1l,1)*B;

2) Level offset.

Y shifted = ¥-2"(B-1);

% 3) Divide the image into blocks.

JPEG Y = zeros(size (Y _shifted));

for 1 =1 : N : length(Y shifted(1l,:))-(N-1)

for j =1 : N : length(Y shifted(:,1))-(N-1)

curr block = Y shifted(i:i+N-1 , Jj:Jj+N-1);
% 4) Transform coding (DCT).

|_<

oe

1 = 1:N;

k=1";

T = sqrt(1/(2*N)) *cos (pi/ (2*N)* (k=1)* (2*1-1));
T(2:end,:) = T(2:end, : )*sqrt(2);

transformed block = T * curr block * T';
% 5) Threshold gquantization: y = round(x(kl,k2)/Q(kl,k2)).
quantized block = round(transformed block./quant matrix);
% 6) Entropy coding and encoding. We don'tdo that heze (e menomale).
% 7) Inverse quantization: re-multiply the quantized values for Q.
deQuantized block = quantized block.*quant matrix;
$ 8) Inverse transform T"-1.
deTransformed block = T'*deQuantized block*T;
% 9) Put the blocks together.
JPEG Y (i:i+4N-1 , j:j+N-1) = deTransformed block;
end
end
10) Remove level offset.
JPEG Y = JPEG Y + 27 (N-1);



8.10.2 JPEG compression (KLT)

%% JPEG compression (KLT) of the luminance component.
1) Split the image in YCrCb format.

o

Y = YCrCb matrix(l,1)*R + YCrCb matrix(1l,1)*G + YCrCb matrix(l,1) * B;
% Calculate the number of blocks as “total area/block area”.

numblocks = floor( (length(Y(l,:)))*length(Y(:,1)) / (N*N) );

% Reshape the matrix so that it has the blocks along the columns.

Y blocks along columns = im2col(Y, [N,N], 'distinct');

% Inizialize the Cxx matrix

Cxx = zeros (N*N, N*N, numblocks); % each cube "slice" is a 8x8 Dblock.

% Calculate the Cxx for each block:
avrg = mean(Y(:));

for 1 = 1 : numblocks

Cxx(:,:,1) = (Y blocks along columns(:, 1i)-avrg) *
(Y blocks along columns(:, 1i)-avrg)';
end

[

% average along the third dimension.
Cxx = mean (Cxx,3);

% Take the eigenvectors matrix = T'.
[eig matrix, ~] = eig(Cxx);

T = eig matrix';

% Start with the JPEG algorithm.

% 2) Level offset.

Y shifted = Y-2"(B-1);

JPEG Y = zeros(size(Y));
% 3) Divide the Y matrix into NxN blocks:
for i =1 : N : length(Y(1,:)) - (N-1)
for 3 =1 : N : length(Y(:,1)) - (N-1)
curr_block = Y shifted(i:i+N-1,3j:J+N-1);
% 4) Transform Coding (KLT) .
transformed block = T * curr block(:);
transformed block = reshape (transformed block,N,N);
% 5) Threshold Quantization.
quantized block = round(transformed block./quant matrix);
6) Encoding part (not implemented).
7) De-quantize the signal.
deQuantized block = quantized block .* quant matrix;
% 8) Invert the KLT transformation.
deTransformed block = T'*deQuantized block(:);
deTransformed block = reshape (deTransformed block, N,N);
% 9) Put the blocks together.
JPEG Y (i:i+N-1, j:Jj+N-1)=deTransformed block;
end
end
10) Remove level offset.
JPEG Y = JPEG Y + 2~ (N-1);

o
°
o
°



9 VIDEO CODING

Video coding refers to the process of compressing and decompressing digital video data. The primary goal of video
coding is to reduce the amount of data required to represent a digital video stream, making it easier to store and
transmit over bandwidth-limited networks while maintaining an acceptable level of quality.

The process of converting a continuous video signal into a digital format involves several steps. To understand them,
consider the mathematical representation of an analogical video signal luminance s(x, y, t), where x and y are the
spatial coordinates in a video frame, and t represents time. To convert this continuous function into a digital signal,
we must do the following:

1. Sampling: s(x, y, t) is sampled at discrete intervals in both space (x, y) and time (t). This is often done using
a 3D lattice (reticolo 3D), which is a grid that extends in three dimensions. The spatial dimensions (x, y) are
on the plane of the video frame, while the third dimension (t) extends along the time axis. By sampling the
signal at points on this lattice, a sequence of discrete values is obtained, which can then be processed by
digital systems.

2. Quantizing: After sampling, each sample value is quantized. Quantization is the process of mapping a large
set of input values to a smaller set — often this involves rounding off to the nearest value within a set range.
For instance, while the actual luminance might be a value with a high degree of precision, quantization
would involve approximating this value to the nearest value that can be represented within the bit depth of
the digital system (like 8 bits per sample).

3. Frame of the Video Sequence: The sampled and quantized luminance values from a single time instant t are
collected together to form a single frame of the video. A frame is essentially a still image, and a sequence of
these frames, each representing a different time instant, makes up the video stream. When these frames are
played back at a certain frame rate (e.g., 24, 30, or 60 frames per second), it creates the illusion of motion
which is the essence of a video.

9.1 MOTION ESTIMATION

Motion estimation is a critical concept in the field of video processing. It involves the estimation of the movement of
objects within a scene from a sequence of video frames. The goal is to understand how the objects are moving in the
scene over time, usually from one frame to the next.

9.1.1 Issues in Motion Estimation

9.1.1.1 3D vs. 2D Motion

Real-world objects move in three dimensions, but a video captures only the 2D projection of this movement onto the
image plane (x, y). Estimating the true 3D motion requires additional information, typically depth, which can be
obtained through techniques like stereo vision or depth sensors.

9.1.1.2 Covered/Uncovered Areas
When an object moves, it may uncover previously hidden parts of the scene or cover parts that were visible before.
These areas do not have corresponding pixels in the previous or next frame, complicating motion estimation.

9.1.1.3 True Motion vs. Apparent Motion

True motion is the actual physical displacement of objects between frames, whereas apparent motion may be
caused by changes in lighting or shadows rather than object movement. Distinguishing between these is essential for
accurate motion estimation.



9.1.1.4 Aperture Problem

This problem arises when motion is observed through a small

window (aperture). The observer can only detect the component of
. . . . X/

motion that is parallel to the local edge or gradient. This is ’},/ ‘(‘

problematic when there's not enough texture in the image to

determine the perpendicular component of the motion.

a) b)

The aperture problem is further addressed by modifying the size of Figure 53

the observation window. A larger window can reduce the aperture

problem by including more textured areas, which helps in estimating the motion vector more accurately. However, it
also increases the risk of including multiple objects with different motions within the same window. A multi-
resolution approach is typically used to resolve this by analyzing the motion at different scales.

9.1.1.5 Noise

Various types of noise, including thermal noise from the camera sensor, quantization noise from digital conversion,
and aliasing from sampling, can corrupt the motion information and must be accounted for. Filtering methods, such
as low-pass filters, are often used to reduce the impact of noise on motion estimation.

9.1.2 Block Matching

Block matching is a motion estimation technique widely used in video coding due to its simplicity and effectiveness,
which makes it suitable for hardware implementation. It forms the basis for most video compression algorithms
found in standard video codecs. This algorithm is made of the following steps:

1. Block Division: a video frame at time t is divided into a grid of non-overlapping NxN blocks. Each block
typically consists of a square group of pixels, for example, an 8x8 or 16x16 pixel block. Selecting the
appropriate block size is a critical decision that impacts the efficiency and effectiveness of the motion
estimation:

e Using smaller blocks can lead to more precise motion models. Because smaller blocks can more
closely follow the movement of individual objects or parts of objects, the motion estimation can be
more accurate, especially in scenes with complex motion or non-uniform motion within objects.
However, smaller blocks come with a trade-off. They increase the number of motion vectors that
need to be computed and stored since more blocks mean more vectors. Consequently, this requires
more data to be encoded, leading to an increase in the bit rate. In other words, while the motion
estimation might be more accurate, the video might not compress as efficiently because you need to
store more motion vectors.

e Conversely, larger blocks reduce the number of motion (Srovious frame
vectors and can lead to better compression rates. However,
they may not capture motion as accurately, especially if the {57
block contains multiple objects or parts of objects with N
different motions. Hotion vector

The choice of block size is, therefore, a balance between the desired
precision of motion estimation and the efficiency of video coding.

2. Motion Estimation: for each block in the current frame, the algorithm \
searches for a block with the most similar content in the reference Current frame
frame (s) — usually the immediate previous or the next frame. The Figure 54

performance of the motion estimation algorithm is directly tied to the
chosen block size.

3. Assumption of Uniform Motion: block matching operates under the assumption that all pixels within a block
undergo the same motion. This simplifies the calculation but can sometimes lead to inaccuracies, especially
in areas with complex or non-uniform motion.


https://www.youtube.com/watch?v=vVGorOxMh8w
https://www.youtube.com/watch?v=vVGorOxMh8w

4. Searching for the Best Match: the algorithm tests different positions within a predefined search range S in
the reference frame to find the block that best matches the current block.

5. Motion Vector Calculation: the displacement of the best matching block from the original position in the
current frame is represented as a motion vector (vy, vy,). This vector indicates how far and in what direction
the block has moved from one frame to the next.

6. Error Minimization: the best motion vector is determined by minimizing a cost function, typically the Mean
Square Error (MSE). The MSE measures the difference between the pixel values of the original block and the
candidate block from the reference frame. The motion vector that results in the lowest MSE is chosen as the
best match. The mathematical formula (using the MSE) is:

N-1N-1

1
(vi,vy) = argmin,, . yes o Z Z Hx+iy+jt)—I(x+i+dx,y+j+dyt—1)|>
i=0 j=0
arg min(,,x,yy)es means "the vector (vx, vy) belonging to the search range S that minimizes MSE.
In which I(x + i,y + j,t) is the current intensity value of the pixel at cordinates (x + i,y + ).
I(x + i,y +j,t) is the intensity value at t = t — 1 of the pixel at cordinates (x + i + dx,y + j + dy).

9.1.3 Motion compensation

Once motion vectors have been estimated, the process of motion compensation begins. Motion Compensation uses
the vectors obtained from Motion Estimation to create a prediction of the current frame based on the previous
frames.

9.1.4 Displaced Frame Difference (DFD)

This predicted frame from motion compensation is then compared to the actual current frame, and the difference
between them is computed. This difference is known as the prediction residual or Displaced Frame Difference
(DFD). The DFD represents the error or changes that cannot be predicted by motion estimation alone: it is the
information that must be encoded and transmitted to allow the decoder to reconstruct the current frame using the
prediction.

The DFD is crucial because it typically contains much less data than the original frame or the predicted frame,
allowing for efficient compression. In the context of video compression, only the motion vectors and the DFD need
to be stored or transmitted, rather than the entire frame. This significantly reduces the amount of data required and
is a key factor in the effectiveness of modern video compression standards like H.264 and HEVC.

The Displaced Frame Difference for a single pixel can be calculated as:

DFD(x,y,t) =I(x,y,t) — I(x + v (%, ),y + vy (x, ), t — 1)

I(x,y,t) is the luminance of the pixel in the current frame (current time t).
where {I(x + v, (x,¥),y + v, (x,y),t — 1) is the luminance of the corrispondent pixel of the past video frame.
v (x,y) and v, (x, y) represents the space shift along the two axys indicated by the motion vector.

9.1.5 Mean Square Error (MSE) and Peak Signal Noise Ratio (PSNR)
We can easily calculate the MSE starting from DFD as:

Ni—1N,—1

1
DFD t)?
Y S ot

x=0 y=0

MSE =

and also, the PSNR as:

28—1

PSNR = 10 * lOglOM—SE



9.1.6 Matching Criteria

When performing block matching in motion estimation for video processing, reducing the computational load is a
significant concern. To achieve this without compromising too much on accuracy, alternative distance measures to
the Mean Square Error (MSE) can be used:

9.1.6.1 Mean Absolute Difference (MAD)

Mean Absolute Difference MAD is a simpler computation compared to MSE and is defined as the average of the
absolute differences between the pixel intensities of the current frame and the reference frame. The formula for
MAD is:

N-1N-1

1
MAD(vx,vy) =m*z le(x+i,y +j,t)—I(x+i+dx,y+j+dyt—1)]

=0 j=0

I(x + i,y +j,t) is the luminance of the pixel in the current frame (current time t).

where {I(x +i+dx,y+j+dyt—1)isthe luminance of the corrispondent pixel of the past video frame.

9.1.6.2 Sum of Absolute Differences (SAD)
Sum of Absolute Differences SAD is another measure that, like MAD, uses the absolute difference between pixel
intensities. However, instead of averaging these differences, SAD sums them up. The formula for SAD is:

N-1N-1

SAD(vy,vy) = Z le(x+i,y+j,t)—l(x+i+dx,y+j+dy,t— 1)
i=0 j=0

I(x + i,y +j,t) is the luminance of the pixel in the current frame (current time t).

where {I(x +i+dx,y+j+dyt—1)isthe luminance of the corrispondent pixel of the past video frame.

9.2 SEARCH CRITERIA

In the context of motion estimation for video compression, there are two primary search strategies for determining
the best match for a block: full search and fast search. Each method has its advantages and constraints.

9.2.1 Full Search
Full search, also known as exhaustive search, is a methodical approach that checks every possible position within a
predefined search window to find the best matching block.

The search window is defined in a range £ W, where W is the san end
maximum distance in pixels that the search will move from the
original block position in all directions (horizontally and vertically). In
full search, the total number of candidate motion vectors is W + i —-H 4—:#—
1)2. This is because the search checks every possible position within B ‘ I !
the window, one pixel at a time, across both dimensions. The HHEHHE HAHH !

optimal value for W is determined by the specific requirements of b
the video content and application, such as:
(a) Raster order (b) Spiral order
e Amount of motion: Videos with fast-moving objects Figure 55

may require a larger W to capture larger
movements.

e Spatial resolution: Higher resolution videos may benefit from a larger W to maintain quality.

e Computational complexity: A larger W increases the number of computations, which can be
intensive.

The search can be conducted in various patterns, such as raster order (left-to-right, top-to-bottom) or spiral order
(starting from the center and moving outward in a spiral).



9.2.2 FastSearch

Fast search algorithms aim to reduce the computational complexity of block matching by avoiding a full search. They
seek (attempt) to find a good enough match more quickly by following 'smart' patterns or heuristics. Examples of
Fast Search Algorithms are:

1. Three Step Search (TSS): Iteratively refines the

v @ @ .
search area in three steps, each time narrowing o <£ o) v @@@05 0,0, &l
down the search to a smaller region around the e @%§§ Z[ °%§8@ AP SN NN

. . T ) OO0+ i

best match found in the previous step. olele PN ! 1

I . . . A AN oo

2. Logarithmic Search: Begins with a large step size T ;

. . . |

and progressively reduces the step size in a » . o
logarithmic manner until the best match is Figure: Fast search algorithms. a) Three Step Search. b) Logarithmic

found Search. c) Cross Search

Figure 56
3. Cross Search: Evaluates a cross-shaped pattern gure

within the search area to quickly locate a
potential match with fewer computations.

These fast search methods are particularly useful in real-time video processing where computational resources are
limited or when encoding speed is crucial. They trade off some accuracy for a significant reduction in computation
time compared to full search.

9.3 SuB-PIXEL MOTION ESTIMATION

Sub-pixel motion estimation is a technique used to enhance the 0-®<0 ©® ©

precision of motion estimation in video processing beyond the *\ /*

limitations of integer-pixel accuracy. Typically, motion estimation ?/@\ il ::g:a::::;:
identifies how much a block of pixels has moved from one frame to -6+ ® © SR
another, with the motion vector representing this movement in terms @ @ © ® Q;mﬁmdmmm
of (whole) pixel displacements. However, by utilizing sub-pixel

accuracy, it's possible to achieve a more refined estimation of motion, .. " e

pinpointing (localizzando) the displacement to fractions of a pixel, Figure 57

11 1 .
such as =, -, or = of a pixel.
2’4’ 7 8

To achieve this higher accuracy, the reference frame from which the motion is being estimated must be
interpolated. Interpolation is a process of estimating intermediate values between pixel intensities to create 'virtual'
pixels at sub-pixel positions. This creates a denser motion field that can be searched for matches with finer

. . , . . L1
granularity. The factor of interpolation, denoted by M, determines the level of sub-pixel accuracy, with "

representing the smallest detectable motion.

Higher sub-pixel accuracy generally leads to better prediction performance, often reflected in higher Peak Signal-to-
Noise Ratio (PSNR) values.

However, with sub-pixel accuracy, the number of potential candidate predictors grows exponentially. For example, if
the search window for integer-pixel motion estimation is defined by +WW, the number of candidate vectors tested is
(2W + 1)%2. When M = 2 sub-pixel estimation is introduced, the search space can effectively quadruple to

(4W + 1)? for each sub-pixel position.

A practical approach often employed is to first perform an integer pixel search to find a rough motion vector and
then refine this estimate at the sub-pixel level. This two-step process provides a good compromise between
computational efficiency and the precision of the motion estimation.



9.4 PROGRESSIVE SCANNING AND INTERLACED SCANNING (TIME SAMPLING)

In digital video technology, there are two primary methods for sampling frames in time domain: progressive
scanning and interlaced scanning. These methods impact how images are captured and displayed, influencing the
quality and smoothness of the video playback.

9.4.1 Progressive Scan Progressive Scan
In progressive scan each frame is captured and displayed in its entirety, with all lines of resolution
presented in sequence. In other words, each frame is a full snapshot of a single moment in time.
This method is similar to how a computer monitor displays images and is ideal for fast-moving
scenes because it reduces motion blur and maintains image sharpness. Figure 58

full frame

9.4.2 Interlaced Scan

Interlaced scanning captures and displays each frame in two fields. The first field (odd
sampling times t = 2K + 1) consists of all the odd-numbered lines of resolution, and the
second field (even sampling times t = 2K) consists of all the even-numbered lines. These

Interlaced Scan

two fields are captured at slightly different times and then interwoven to create a single field1 ~ - field2
full frame

frame. This technique was traditionally used in broadcast television to reduce bandwidth

usage and flicker perception on CRT (Cathode Ray Tube) displays. Figure 59

9.5 COLOUR VIDEO SEQUENCES

Colour video sequences require three colour components, and uncoded video material is typically sampled in the
YUV 4:2:0 format:

e Y Component: represents luma (brightness) information.

e U and V Components: represent chroma (colour) information and are subsampled at half the resolution of
the luma component, both horizontally and vertically. This reflects the human visual system's reduced
sensitivity to colour details compared to brightness.

The YUV 4:2:0 format is efficient because it reduces the amount of data by focusing on the more perceptually
significant luma information while using less data for the color information, which has a lower impact on perceived
image quality.

bit

Typically, 8 Dixel are used for each color component.

9.6 HyBrID DPCM/DCT VIDEO CODING

Hybrid DPCM/DCT video coding is a foundational technique used in many video compression standards, including
MPEG and H.264. It combines Differential Pulse Code Modulation (DPCM) for temporal redundancy reduction and
Discrete Cosine Transform (DCT) for spatial redundancy reduction. This hybrid approach takes advantage of
temporal correlations between successive frames through motion estimation and compensation, while also
exploiting spatial correlations within a frame using the DCT. The result is a highly efficient video compression
method that significantly reduces the amount of data needed to represent high-quality video.

Below is a detailed explanation of the encoding and decoding processes in such systems.



9.6.1 Encoding Process N
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are easier to compress.

3. Quantization (at): the DCT coefficients are quantized, effectively reducing the precision of the coefficients
and thereby removing some of the less perceptually important information, which contributes to
compression. The quantized DCT coefficients Et are:

e Entropy-coded using techniques like Huffman coding or arithmetic coding. This step further
compresses the data by encoding the values with variable length codes based on their frequency of
occurrence.

e Givenininput to the inverse quantizer so that the encoder can emulate the reconstruction process
of the encoder (see next steps) to ensure the decoder can reconstruct the frame (closed loop DPCM).

4. Inverse Quantization (dt): the range of the values is restored through de-quantization obtaining dt.

5. Inverse DCT (€&,): the DCT transformation is reversed to retrieve the prediction residuals from the DCT
coefficients, obtaining the reconstructed prediction residual &;.

6. Prediction block (F¥€): now let’s look inside the sub- Ane
diagram that predicts the next frame: &

4
I
e The reconstructed prediction residual é; is |
summed up to the predicted value fM€ to get the
reconstructed actual value é; + ftMc = f,. \\

L |+

e  The Frame Buffer ‘save’ the frame f,; giving itin Moo ol 2

output at the time t + 1. In this way, the MC and g Goprrsson| T e +
’ [

. . - 3 Emagy | B2
ME modules will receive at their input the frame . = ™ Glina §§
ft-1- e
¢ The Motion Estimation module takes in input the Figure 61

actual current frame f; and the reconstructed
past one f;_; and, comparing the two frames (block matching, search criteria...), performs the
motion estimation to get the Motion Vectors MV;. This result is:

1. Entropy Coded and sent or stored.
2. Given to the Motion Compensation module.
e The Motion Compensation module will ‘create’ a new frame starting from the reconstructed past
one (f;_1) and applying to it the changes indicated in the MV, vectors. The result ﬂ"c is:
1. Re-summed at the beginning of the ‘prediction cycle’.
2. Used as predicted frame at the very beginning of the Hybrid DPCM/DCT encoding process.



9.6.2 Decoding Process o . .
1. Fntropy Decoding: the (.:Ie?oder t.ake in m_, Ms..,% "' u.caﬁw de A 3’.+ s K
input the encoded prediction residuals
and motion vectors and apply an g‘"c
Inverse Entropy Coding in order to — :m
retrieve the quantized DCT coefficients b [ ém“«
d, and the motion vectors MV,. '&“ﬁrs""—-’s..:"‘u., ™ i

2. Reconstruct the prediction error (é;):
the quantized DCT coefficients Figure 62

d, passes through an Inverse

Quantization Filter obtaining the reconstructed DCT coefficients d,. These coefficients are then anti-

transformed by an Inverse DCT filted, that give in output the reconstructed prediction error é,.

3. Reconstruct the frame ft: the prediction error is summed up to the predicted frame ftMC (see next steps) in
order to obtain the reconstructed frame &, + fM¢ = f, . The reconstructed frame is then:

e Given as output of the decoder.
e Given in input to the frame buffer, in order to perform the next prediction.
4. Predict the next frame (f}©):

o the Frame Buffer takes in input the reconstructed frame £, and ‘store it’ to be used in the next
iteration, giving in output ft—1-

e The Motion Compensation module takes in input the past reconstructed frame ft_1 and the motion
vectors MV, and ‘generate’ a new predicted frame starting from ft—l and applying the ‘changes’
indicated from MV,. The output of this module is the next predicted frame Y€, which will be
summed up to the reconstructed prediction error é; in the next algorithm iteration to get the next
reconstructed frame.

9.6.3 Key Concepts in Hybrid DPCM/DCT Video Coding

In video coding, particularly in formats using hybrid DPCM/DCT (Differential Pulse Code Modulation/Discrete Cosine
Transform) methods, there are several key concepts and components involved in encoding and decoding video
sequences.

9.6.3.1 Frame Types

INTRA-frame Coding: This is used for the first frame in a sequence, coding it as a standalone image without
reference to other frames. This type of coding is also inserted periodically to enable random access and provide
robustness against errors. INTRA-frames are coded using only spatial information within the frame itself.

INTER-frame Coding: Subsequent frames are typically coded using INTER-frame coding, which involves coding the
differences between the current frame and the previously coded frames. These differences are often represented as
motion-compensated prediction errors.

9.6.3.2 Synchronization

The encoder and decoder must be synchronized, meaning that they both maintain an identical copy of previously
decoded frames. This synchronization allows the encoder to work in a closed-loop fashion, using feedback from the
functional modules of the decoder.

Synchronization is preserved as long as the communication channel is noiseless. If errors occur during transmission,
the decoder may not reconstruct the same frame as the encoder, leading to drift over time.



9.6.3.3 Coding Efficiency

The efficiency of coding a frame, represented by e, for the displaced frame difference, is better when the energy of
e; is small. Lower energy in the prediction error results in higher coding efficiency because less information needs to
be transmitted.

9.7 ViDeo CoDpING IN MATLAB
9.7.1 Motion Estimation on a single image block

%% Motion Estimation on a single block of an img

% Select the 8 x 8 block from the img starting at (x, y) = (150, 35) of the
second frame.

N = 8;

x pos = 150;

y _pos = 35;

block = img(y pos:y pos+N-1 , x pos:x pos+N-1 , 2);

% ME using window W = 16 pixels using SAD as distance measure

W = 16;

rowRng = -W:W;

colmnRng = -W:W;

SAD = zeros (length(rowRng), length(colmnRng)) ;
for i = 1l:1length(rowRng)
for j = l:length(colmnRng)
comparison block = img(y pos+rowRng (i) :y pos+rowRng(i)+N-1, ..
. x_pos+colmnRng (J) :x_pos+colmnRng (j)+N-1,1);

SAD (i,]) = sum(abs(comparison block(:)-block(:)));
end
end
[~, min idx] = min(SAD(:));
[row idx,column_ idx] = ind2sub([size(SAD)],min idx);
% Store the motion vector.
Vx = colmnRng (column idx) ;

Vy = rowRng(row idx);
% Display the cost function.
imagesc (colmnRng, rowRng, SAD) ;

% Visualize the motion vector.
quiver (x pos+N/2,y pos+N/2,Vx,Vy);



9.7.2 Motion Estimation and Motion Compensation on a whole image

%% Perform MC using 8 x 8 blocks performing full-search, using a search window W = 16.
N = 8;

W= 16;

Nrows = length(img(:,1,2))/N;

Ncolmns = length (img(1l,:,2))/N;

motionVectors = zeros (Nrows, Ncolmns,?2);
motCompensatedImg= zeros (size (img(:,:,2)));
% Perform MC
for i = 1: Nrows
for j = 1 : Ncolmns
r Idx = (i-1)*N+1;
c Idx = (j-1)*N+1;
currBlock = img(r Idx:r Idx+N-1,c Idx:c Idx+N-1,2);
r Range = -W:W;
c Range = -W:W;

°

SAD=nan (length (r Range),length(c Range)); % better initialize as nan
% Perform full search
for 1 = 1 : length(r_ Range)
for m = 1 : length(c_Range)
row_idx = r Range(l);
col idx = c_Range (m);
if(r Idx+row 1dx>0 && r Idx+row idx+N-l<length(img(:,1,2))&& ..
. ¢ _Idx+col idx>0 && c_ Idx+col idx+N-1<length(img(1l,:,2)))

nextBlock = img(r Idx+row idx:r Idx+row idx+N-1,
. c_Idx+col idx:c_Idx+col 1dx+N-1,1);
SAD(1l,m) = sum(abs(currBlock(:)-nextBlock(:)))
end
end

end

[~,min idx]=min(SAD(:));

[row_idx,col idx] = ind2sub(size (SAD),min_idx);

o

% Save Motion Vector
vectors (r_Idx,c Idx,1l)=r Range(row_ idx);
vectors (r_Idx,c Idx,2)=c Range(col idx);
% Put the motion compensated block into the predicted image.
motCompensatedImg (r Idx+vectors(r Idx,c Idx,1l):r Idx+vectors(r Idx,c Idx,1)+N-1,
. ¢ _Idxtvectors(r_ Idx,c Idx,2):c Idx+vectors(r Idx,c Idx,2)+N-1) = currBlock;
end
end
%% Compute DFD and calculate its mean and variance.
DFD = img(:, :,2) -motCompensatedImg;
variance = var (DFD(:));
average = mean(DED(:));



10 OTHER MATLAB UTILITIES

10.1 LINEAR REGRESSION
Useful when the exercise asks something like “quantize y with DPCM using as predictor y_hat(n) = a*x(n) + b
where ‘a’ and ‘b’ are obtained by linear regression (least squares on y = ax + b)".

% Linear regression between two sources x and y to
% get the a and b coefficients

alpha = [x, ones(size(x, 1), 1)1 \ vy’
a = alpha(l);
b = alpha(2);

oe

In this specific case the signal is:
y hat = a * x + b;

10.2 DEFINE x_axys IN FREQUENCY DOMAIN

% X AXYS DEFINITION:
x axys = 0 : Fs/N _samples : (N samples-1)*Fs/N samples;
% When We represent the frequencies domain, we usually represent it from O
to Fs. % For this reason, we have that:
- The step size is Fs/N samples (total length/number of segments).
- The “final step” is (N _length.1l)*Fs/N _samples
(total length-one segment)because we start from 0.

o° o o°
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